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Abstract. We investigate the hardware requirements for quantum teleportation in an intercity-
scale network topology consisting of two metropolitan-scale networks connected via a long-distance
backbone link. Specifically, we identify the minimal improvements required beyond the state-
of-the-art to achieve an end-to-end expected teleportation fidelity of 2/3, which represents the
classical limit. To this end, we formulate the hardware requirements computation as optimisation
problems, where the hardware parameters representing the underlying device capabilities serve as
decision variables. Assuming a simplified noise model, we derive closed-form analytical expressions
for the teleportation fidelity and rate when the network is realised using heterogeneous quantum
hardware, including a quantum repeater chain with a memory cut-off. Our derivations are based on
events defined by the order statistics of link generation durations in both the metropolitan networks
and the backbone, and the resulting expressions are validated through simulations on the NetSquid
platform. The analytical expressions facilitate efficient exploration of the optimisation parameter
space without resorting to computationally intensive simulations. We then apply this framework
to a representative realisation in which the metropolitan nodes are based on trapped-ion processors
and the backbone is composed of ensemble-based quantum memories. Our results suggest that
teleportation across metropolitan distances is already achievable with state-of-the-art hardware
when the data qubit is prepared after end-to-end entanglement has already been established,
whereas extending teleportation to intercity scales requires additional, though plausibly achievable,
improvements in hardware performance.

1. Introduction

Quantum networks are anticipated to facilitate tasks beyond the reach of the classical inter-

net [1]. In such networks, remote entanglement serves as the primary resource for performing a

wide range of

applications, including quantum key distribution [2,3|, enhanced sensing [4], secure

remote computation [5}6], clock synchronisation |7], and many other applications. Furthermore,

entanglement

shared across spatially separated locations enables foundational tests of quantum

mechanics, most notably Bell inequality violation [8], as well as recent proposals for probing

quantum gravity effects [9], among others. A remote entangled link consists of a pair of entangled

qubits shared
of service for

between end nodes, i.e., quantum devices directly accessible to users. The quality
any such application depends on the quality of these links, typically represented
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Figure 1: Schematic of an intercity quantum network architecture comprising four different
components. User-controlled end nodes are denoted by circles P1—P, and metropolitan hubs
by squares Hi—Hs. The border nodes, shown as diamonds B;—Bs, form the backbone together
with the zig-zag line, which can be realised using either a space-based quantum communication
channel or a terrestrial linear quantum repeater chain, with individual repeater nodes depicted as
triangles. Each end node is connected to its nearest hub 25km away and forms a metropolitan
network (MN 1 or 2). The 450km backbone connects the metropolitan regions via the border
nodes at both ends. Together, the MNs and the backbone form the full IN, enabling long-distance
quantum communication between multiple end nodes.

by the entanglement fidelity, and the rate at which they are generated. Furthermore, the re-
quired thresholds for these performance metrics vary depending on the underlying application,
motivating a careful analysis of these metrics in realistic network architectures.

Photon transmission through optical fibre decays exponentially with propagation distance due
to attenuation losses, which limits the feasibility of entanglement generation over long distances via
direct photon transmission. Moreover, the no-cloning theorem [10] forbids the creation of identical
copies of an unknown quantum state, making classical amplification techniques infeasible for quan-
tum states. To overcome this, quantum repeaters [11] introduce intermediate nodes that enable
entanglement distribution over extended distances. Entanglement generation has been experi-
mentally demonstrated across various physical platforms, including trapped ions [12-18|, colour
centres in solids [19}20], rare-earth ions [21-23|, and atomic ensemble memories [24-26], where
matter-photon entanglement is used to generate entanglement between distant matter qubits lo-
cated at remote nodes. These platforms exhibit distinct advantages and limitations, and future
large-scale quantum networks are therefore envisioned to adopt a heterogeneous architecture that
integrates multiple hardware platforms [27-29).

One of the central challenges in realising a scalable quantum network lies in identifying
the precise hardware requirements to support efficient quantum communication. Experimentally,
Pompili et al. [30] demonstrated a lab-scale three-node quantum network based on nitrogen-
vacancy centres in diamond, while Krutyanskiy et al. |16] presented a quantum repeater node
based on trapped ions capable of distributing entanglement over distances up to 50 km, marking
significant experimental milestones. On the theoretical side, the performance of single-repeater
setups and homogeneous repeater chains has been studied extensively, both analytically [31-37]
and via simulation [38,39]. However, to the best of our knowledge, performance analyses of het-
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erogeneous repeater chains have so far relied predominantly on simulation-based approaches [39).

In the context of quantum networks, quantum teleportation serves both as a fundamental
primitive and as a high-level performance benchmark. Applications such as blind quantum com-
puting impose stringent requirements on teleportation fidelity and rate to ensure correctness and
security |40]. Beyond its direct use for communication, teleportation constitutes a key resource for
implementing non-local gates, thereby enabling the preparation of multipartite entangled states
and distributed quantum information processing [41]. At the network level, the achievable end-
to-end teleportation fidelity provides a quantitative measure of overall network performance [42].
Moreover, attaining a teleportation fidelity exceeding the classical limit of 2/3 constitutes a clear
demonstration of quantum advantage [43], analogous to Bell-inequality tests [44].

In this work, we investigate requirements for quantum teleportation in an intercity-scale
network (IN) shown in Fig. I consisting of two metropolitan-scale networks (MNs) and a long-
distance backbone realised as a quantum repeater chain. A detailed description of the network
model is provided in Sec. [3] We adopt standard assumptions, including heralded entanglement
generation (HEG), depolarising noise in memory, instantaneous local operations, swap-as-soon-as-
possible (swap-ASAP) policy [45], and a cut-off strategy together with the standard deterministic
teleportation protocol in which teleportation succeeds with unit probability [46]; see for
details. Specifically, we study the requirement for attaining a teleportation fidelity of 2/3 across
metropolitan and intercity-scale distances and carry out our analysis in a hardware-agnostic man-
ner, i.e., we characterise the network using a set of parameters capturing the essential hardware
properties. We also evaluate these requirements for a heterogeneous platform comprising trapped-
ion processors in MNs and an ensemble-based repeater chain in the backbone, thereby illustrating
their relevance to realistic quantum network implementations.

For studying the requirements, we focus on two teleportation scenarios that capture different
operational regimes:

e Entanglement-ready (ER): in ER teleportation, the data qubit (qubit to be teleported) is
prepared only after end-to-end entanglement has been established. This approach allows
the system to avoid the decoherence accumulated during the probabilistic entanglement
generation process, thereby significantly improving teleportation fidelity [47].

e Qubit-ready (QR): here, the data qubit is prepared in advance and stored in quantum
memory until end-to-end entanglement is established. This scenario naturally arises when
the data qubit preparation rate and entanglement generation rate are mismatched [48], a
condition anticipated in large-scale network architectures. The resulting memory storage
leads to additional decoherence. Although we assume instantaneous location operation and
qubit preparation (see , we include the QR scenario for completeness, as it represents an
extreme yet practically relevant operating regime where the entanglement generation begins
only after the data qubit is ready.

In order to determine the hardware requirements, we formulate the task as an optimisation
problem, in which the relevant cost function is designed along the lines of [39]. To solve the
resulting formulation, we first derive closed-form analytical expressions for the expected fidelities
and generation rates of both the end-to-end entangled link and teleported qubit. We then validate
the accuracy of the expressions by comparing them with empirical estimates from NetSquid-
based simulations [49]. The analytical expressions enable us to efficiently identify the hardware
requirements without resorting to computationally expensive simulations [38}39,|50]. Also, to



4

quantify the requirements, we introduce two reference values for each network parameter: the
baseline value corresponds to the state-of-the-art hardware capability, while the optimistic value
represents capability anticipated in the near future based on ongoing experimental advances
and theoretical predictions. We define the hardware requirements as the minimal improvements
over the baseline parameters needed to achieve the target teleportation fidelity threshold of 2/3.
Although our framework itself is hardware-agnostic, we evaluate the requirements using a realistic
network architecture comprising trapped-ion processors for the MN and a repeater chain based
on ensemble-based memories as the backbone |27, 28|, along with corresponding baseline and
optimistic parameter sets.

Summary of results: We specifically address the following questions with respect to hardware
requirements:

Q1 Do the baseline parameters enable quantum teleportation in an MN with a fidelity exceeding

the classical limit of 2/37 If not, what are the minimal parameter improvements required to
reach this threshold?

- We find that current trapped-ion technology (baseline) already supports ER teleportation
at metropolitan scales, whereas QR teleportation requires further improvements and
becomes feasible with near-term experimental advances; see Sec. for details.

Q2 Assuming that the backbone attains optimistic performance levels, what minimal
improvements to the MN parameters are required to achieve quantum teleportation with an
expected fidelity > 2/3 across the IN? This analysis reveals the trade-offs among metropolitan
parameters and provides a lower bound on the required improvements for metropolitan
hardware.

- We find that although ER teleportation across IN is possible, QR teleportation requires
significant improvements beyond the baseline, which nonetheless remains within the reach
of optimistic estimates. We also identify the feasible regions in parameter space and

determine the optimal parameter configurations that minimise the hardware cost; see
Sec. for details.

Q3 Conversely, assuming optimistic MN performance, what are the corresponding backbone
requirements to enable teleportation with an expected fidelity > 2/3 in the IN? This highlights
the trade-offs between backbone parameters and establishes a lower bound on their required
improvements.

- Similar to [Q2], we find that ER teleportation across IN is possible and QR teleportation
requires significant improvements beyond the baseline but is still within the reach of
optimistic estimates; see Sec. [6.2] for details.

Q4 Given baseline parameters representative of current experimental capabilities for both the
MN and backbone, what minimal joint improvements are needed to achieve an expected
teleportation fidelity > 2/3 in the IN?

- In this case, neither ER nor QR teleportation is possible, and we identify the minimal joint
improvements required to attain the teleportation fidelity threshold; see Sec. for details.

Beyond their role in the optimisation procedure, the analytical expressions and the underlying
methodology can also be used for evaluating performance metrics for heterogeneous networks and
are therefore of independent interest.

The rest of this paper is organised as follows. First, we review relevant literature in Sec. [2]
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followed by a description of the network setup and assumptions in Sec. 3| Sec. 4| formally presents
the objectives and methodology. In Sec. [5] we derive analytical expressions for the teleportation
rate and expected fidelity for the IN. Evaluations addressing questions Q1-Q4 are presented in
Sec. [6l and the conclusions are drawn in Sec. [7.

2. Related Work

We begin by surveying prior studies that are closely related to our work. This review is not
intended to be an extensive review of performance analyses of quantum repeater chains; instead,
we focus on key contributions that are directly relevant to our setting. In this context, commonly
considered performance metrics include the end-to-end entanglement generation time, end-to-end
entanglement fidelity, and secret key rate [51]. Regarding the performance of a quantum repeater,
Rozpedek et al. |37] identified realistic parameter regimes where a single sequential repeater out-
performs direct transmission. Analytical models for entanglement generation in a homogeneous re-
peater chain under various swapping and decoherence assumptions have been developed in [31-35,
45,52|, while Li et al. [36] optimised cutoff strategies to improve the resulting entanglement qual-
ity. Goodenough et al. [34] derived exact formulas and tight approximations for expected fidelity
under a global cut-off policy and swap-asap policy, while Andrade et al. [35] provided closed-form
expressions for expected end-to-end fidelity in homogeneous chains with sequential entanglement
swapping. As an alternative strategy, Collins et al. [53] proposed multiplexed quantum repeater
architectures that significantly reduce sensitivity to memory coherence times. However, these
frameworks do not directly extend to inhomogeneous repeater chains where the distances between
nodes are different. In our work, we analyse a four-node repeater chain comprising two memory-
equipped repeaters, where the two outer links are identical while the central link differs, thereby
enabling heterogeneous hardware implementations. We derive exact analytical expressions for ex-
pected end-to-end fidelity and generation rate of both entanglement and teleportation with a cutoff
strategy, while fully accounting for communication delays to closely reflect real-world scenarios.

Several experimental approaches to quantum repeaters are based on atomic ensemble mem-
ories and linear optics following the DLCZ protocol [54]. Notably, Simon et al. [55] extended this
scheme by combining photon-pair sources with multimode quantum memories in rare-earth-doped
solids, enabling faster and robust entanglement generation while retaining the simplicity of linear
optics and single-photon detection. Jiang et al. |56] proposed an improved ensemble-based repeater
that allows active purification, suppresses multi-excitation noise, and achieves polynomial scaling
with realistic inefficiencies. Sangouard et al. [57] provided extensive surveys of such theoretical
proposals and compared their entanglement generation rates against direct photon transmission.
More recently, Wu et al. [58] incorporated time-dependent memory decay into the analysis and
obtained analytical expressions for entanglement rate, showing feasibility with current technology
while highlighting the importance of multiplexing. Implementations of quantum repeaters based
on other hardware platforms involve trapped ions |16}[59,/60], trapped neutral atoms [61,62], rare-
earth ions doped crystals [63], and colour centres |64,65]. In particular, Sangouard et al. [59]
demonstrated that trapped-ion—based repeaters employing deterministic entanglement swapping
and temporal multiplexing can achieve substantially higher entanglement rates than ensemble-
based schemes. Experimentally, Krutyanskiy et al. [16] demonstrated a trapped-ion quantum re-
peater node that generates and swaps entanglement over two 25 km fibres, extending it to 50 km.,
and outlined near-term improvements to scale such nodes to a repeater chain of 800 km. For this
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chain, however, they assume that the memory coherence time significantly exceeds the elementary
link creation time between adjacent nodes, thereby ignoring memory decoherence. In this context,
Zwerger et al. [60] proposed decoherence-free subspace encoding to mitigate collective dephasing.
Lloyd et al. |61] proposed a cavity-based quantum network architecture in which long-distance
entanglement is stored in trapped atoms, enabling unconditional teleportation via full Bell-state
measurements. Razavi et al. [62] compared this scheme with the DLCZ protocol, noting that
while DLCZ allows faster entanglement distribution, it supports only conditional teleportation,
whereas the trapped-atom approach enables unconditional teleportation. Recent developments
include hybrid architectures combining ensemble-based repeaters with single-atom or ion-based
processors [27-29|, integration of repeaters with satellite-based links for global-scale entanglement
distribution |66|, and all-photonic repeaters that operate without matter-based memories [67]. In
contrast to these works, we derive the analytics in a platform-agnostic manner while adopt-
ing parameter values for evaluations from particular experimental implementations with trapped
ions [14-17] and predictions from [27,28] for the backbone; see Sec. for details.

Finally, we review prior studies most relevant to our work that address the hardware specifi-
cations for efficient quantum communication. A critical challenge in realising quantum repeaters
is that their hardware requirements remain largely unknown. Silva et al. [38] introduced a sys-
tematic approach using genetic algorithms and NetSquid simulations to optimise entanglement
generation in repeater chains, identifying minimal hardware requirements under realistic condi-
tions. In a related work, Avis et al. [39] analysed entanglement generation between two end nodes
connected via a single repeater, determining the requirements for verifiable blind quantum com-
puting (VBQC). Their analysis considers the restrictions imposed by real-world fibre grids and
employs hardware-specific models of colour centres and trapped ions using NetSquid. Conversely,
Silva et al. |50] extended this to a multi-repeater network spanning 900 km, determining the spec-
ifications for repeaters enabling VBQC and quantum key distribution (QKD). Similarly, van Dam
et al. |68| identified the requirements for a trapped-ion server and measurement-only client to per-
form VBQC across 50 km. While these works rely on simulations in NetSquid, we derive exact
analytical expressions for teleportation rates and expected fidelities to carry out the analysis. In
particular, we identify the minimal requirements in terms of the coherence time, elementary link
generation probability, and link fidelity needed to surpass the classical fidelity threshold of 2/3
for teleportation in an MN over 50km and a IN over 500 km [1}

3. Setup and Assumptions

In this section, we briefly introduce the quantum network setup from [69] and outline the
assumptions underlying our analysis. We specify the relevant hardware parameters that char-
acterise the network, enabling us to formally define [QIHQ4l In Fig. [I, we provide a schematic
of the network, which comprises four fundamental components: end nodes, metropolitan hubs, a
backbone, and border nodes, each serving distinct functions to enable scalable quantum communi-
cation. Given that we analyse requirements for teleportation over metropolitan (up to 50 km) and
intercity-scale (up to 500 km) distances, the network components must be equipped with capabil-
ities beyond the minimal specifications described in [69]. We now briefly describe the functions
of these components.

The end nodes, labelled P1-P, in Fig. [I} serve as primary access points for users, supporting
quantum applications under user-defined control. These devices can generate photons entangled
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with matter qubits and possess quantum processing capabilities, such as measurement and gate
operations on matter qubits. For deterministic teleportation, we require the end nodes to possess
two quantum memories and execute classical operations, including classical protocols for coor-
dination and computation. Recent experiments [13,/14,|30,/70-72] have demonstrated promising
platforms for such end nodes, achieving long coherence times and high quantum gate fidelities
using colour centres, trapped ions, and neutral atoms.

End nodes are connected to their respective metropolitan hubs, labelled H;—Hs in Fig. [1]
which serve as central points for facilitating HEG between node pairs within an MN, spanning
city-scale distances up to 50 km. End nodes P; and P, together with hub H; constitute MN 1,
while end nodes P3 and P4 with hub Hy constitute MN 2. To generate and route entanglement
between different pairs of nodes, these hubs may comprise entanglement generation switches |73|
or entanglement distribution switches [74]. For our purpose of teleportation, we only require that
the hubs contain beam splitters and photon detectors to perform Bell state measurements (BSMs)
on incoming photons from two nodes. End nodes are assumed to be connected to their respective
hub via standard telecommunication fibres supporting photonic qubit transmission.

To overcome the distance limitations imposed by fibre loss in direct photon transmission, the
architecture incorporates a long-range backbone, denoted by the zigzag line in Fig. [I], together with
border nodes By and By. These border nodes (referred to as junction nodes in [69]) are located
adjacent to the metropolitan hubs and serve as interfaces between the backbone and MNs. Each
border node is assumed to contain at least two memories and to possess the same processing and
storage capabilities as the end nodes, allowing it to store entanglement both with neighbouring
end nodes and across the backbone. A key feature of this architecture is its ability to integrate
heterogeneous quantum hardware platforms, thereby leveraging their distinct advantages, such as
high-fidelity quantum gates, long memory coherence time, and multiplexing. The backbone itself
may be realised using different technological platforms. One approach relies on space-based quan-
tum communication |75-77| which offers low-loss photon transmission over long distances. Alter-
natively, a fibre-based implementation using a multiplexed quantum repeater chain [27,/55/57] can
be employed, offering a promising route to preserve quantum coherence while extending the range
of entanglement distribution. We further define the IN as the composite architecture in which
two distant MNs are connected via a backbone, enabling quantum communication between them.

Throughout this paper, we use the terms entanglement and link interchangeably to denote
an entangled quantum state shared between two nodes. Furthermore, we model entanglement
generation in the IN as a single-shot process: once a border node performs an entanglement swap,
it remains idle and does not initiate further generation until the ongoing end-to-end entanglement
generation process is completed. We refer to a complete trial to establish an end-to-end link as a
round, while individual trials for elementary link generation are termed as attempts. Under this
framework, we analyse the performance of this architecture in a platform-agnostic manner, where
the network is fully characterised by key hardware parameters. In particular, for an MN, the ex-
pected teleportation fidelity and corresponding rate are primarily determined by three parameters:
the elementary link generation probability between end nodes p,,/, the memory coherence time of
the end nodes t..,, and the fidelity of a freshly generated link f,,. Here, we assume a symmetric
architecture where the two MNs are identical, end nodes are equidistant from the metropolitan
hub, and border nodes have the same properties as end nodes. Thus, the performance of the IN is
governed by five key hardware parameters: the entanglement-generation probability between an



Definitions

max{n € N:n <z} forzeR
min{n € N:n >z} forz € R

m tb/gcd(tm, tb)
Parameters

P’ base efficiency, i.e., the success probability of an entanglement generation attempt
between two end nodes (or an end and border node) at zero separation

Ay distance between an end node and a nearby metropolitan hub

P success probability of an entanglement generation attempt between two end nodes
in an MN, i.e., ppy =p2 1072w /10; see ()

Pm success probability of an entanglement generation attempt between an end node
and a neighbouring border node, i.e., py, =p® 107%/10; see (7)

to duration of an entanglement generation attempt between two end nodes in an
MN

tm duration of an entanglement generation attempt between an end node and a
neighbouring border node

tprep (constant) average duration of a photon generation from an end node or border
node

S fidelity of a freshly generated entangled link between two end nodes in an MN,
Juwr = (1 + 3wyy) /4, where wyy is the corresponding Werner parameter

fm fidelity of a freshly generated entangled link between an end and a neighbouring
border node, fi, = (14 3wy, )/4 where wy, is the corresponding Werner parameter

Db success probability of an entanglement generation attempt in the backbone

ty, (constant) duration of an entanglement generation attempt in the backbone

fo fidelity of a freshly generated entangled link in the backbone, equals (1 + 3wy,)/4
where wy, is the corresponding Werner parameter

tcoh memory coherence time of an end or border node

teut cut-off time, i.e., the maximum allowable time between the earliest and latest
generated entangled links

tmsg communication time between an end node and the farthest border node

Variables

M, number of attempts until successful entanglement generation between an end
node in MN 1 and neighbouring border node, M; ~ Geo(py,)

X4 time until successful entanglement generation between an end node in MN 1 and
neighbouring border node, i.e., X1 = t,M;

M, number of attempts until successful entanglement generation between an end
node in MN 2 and neighbouring border node, My ~ Geo(py,)

X time until successful entanglement generation between an end node in MN 2 and
neighbouring border node, i.e., Xy = t,, M,

M, number of attempts until successful entanglement generation in the backbone,
M, ~ Geo(py,)

X time until successful entanglement generation in the backbone, i.e., X}, = t, My,

Table 1: List of notations.
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end node and a border node p,,,, the memory coherence time of nodes %, the fidelity of a freshly
generated link between an end and a border node f,,, entanglement-generation probability in the
backbone py,, and the fidelity of a freshly generated link in backbone f;,. The definitions of all
parameters are summarised in Tab. [ Note that while we focus on this symmetric setting for
clarity, the framework naturally extends to more general asymmetric networks with heterogeneous
nodes and link distances, at the cost of introducing additional parameters. Throughout the
analysis, we assume time is slotted and derive all performance metrics accordingly.

We now state the assumptions necessary to model the processes that influence teleportation
in the intercity network. This helps us derive the performance metrics, i.e., the expected fidelity
of teleportation and corresponding rate.

A1 Entangled state description: We model all entangled links in the MN and backbone as

Werner states |78]:

p= wl@) (@] 4 (1 —w) L (1)
where |®+)=(|00)+|11))/v/2 is a maximally entangled Bell state, w € [0,1] is the

corresponding Werner parameter, and I is the 4 x 4 identity matrix. The fidelity of p

with respect to |®) can be seen as (1 4 3w)/4.

While physically realised remote entangled states are generally not of the Werner form [55/,60],

we model link-level entanglements as Werner states due to the following reasons. First,

when two Werner states are swapped, the resulting state is also a Werner state with the

corresponding Werner parameter given by the product of those of the initial states [79],

making analysis easier. Further, any bipartite state can be transformed into a Werner state

by twirling, i.e., by applying transformations uniformly at random from a set of operations

that involve identical rotations on each qubit [80].

A2 Noise in memory: During entanglement generation across multiple links or in the presence
of classical communication delays, the qubits stored in the memory undergo decoherence.

We model this noise as a depolarising channel acting on the stored qubit. Specifically, the

evolution of a quantum state p4 undergoing a depolarising channel & over a storage time ¢

in memory A is given by

I
gt(pA) _ e—t/tcohpA + (1 _ e—t/tcoh) 52 , (2)

where ., denotes the memory coherence time. For a Werner state p4p which has maximally
mixed marginals, when both qubits undergo depolarising noise for a duration ¢, the resulting
state is given by

I
£ @ Elpan) = 672t/tcohpAB + (1 B ef2t/tcoh) Z4 . (3)

It is worth noting that in certain platforms, such as trapped-ion systems, memory noise can
be described more accurately by a correlated dephasing process with a Gaussian temporal
profile characterised by the coherence time |16]. In contrast, we model the memory noise as
an exponential depolarising channel as defined in . The choice is primamily motivated by
analytical tractability and platform independence. Specifically, depolarising noise preserves
the Werner form of states (I, thereby simplifying the analysis [34]. Moreover, while the
depolarising channel does not accurately capture the correlated and non-Markovian nature of
Gaussian dephasing, it provides a convenient and broadly comparable benchmark that facili-
tates general conclusions across architectures. A more detailed investigation of how correlated
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Gaussian dephasing influences network performance would be valuable but lies beyond the
scope of this work.

Entanglement generation between end nodes in a metropolitan network: We adopt
the double-click HEG protocol [81] in our model. Specifically, to entangle two end nodes in an
MN, e.g., Py and P5 in MN 1 (Fig.[1)), both nodes first generate matter-photon entanglement.
Photons from both nodes then travel to the midpoint metropolitan hub, where a photonic
BSM is performed. The BSM succeeds with a certain probability, and the result travels back
to both end nodes, heralding the signal whether entanglement is successfully generated. We
further assume that entanglement generation is attempted at fixed intervals defined as the cy-
cle time. The cycle time and success probability depend on the fibre length between the nodes.
We denote the distance between an end node and its nearest hub as d,,, such that the fibre
length between two end nodes in an MN is given by 2d,,. The entanglement-generation
probability is attenuated by fibre loss and is modelled as an exponential factor n(-) [50].
Consequently, the entanglement-generation probability between two nodes is given by:

P = Dy N(2) = P 107220 /10 (4)

where o =0.2km ™! is the attenuation coefficient [59] for typical telecommunication optical
fibres in the optical wavelength range around 1550 nm and p®, named base efficiency, cap-
tures all distance-independent factors, including photon source brightness, coupling losses,
and visibility.

To derive the cycle time, i.e., the time for each entanglement generation attempt between
the end nodes, we observe that the photon propagation time from an end node to the hub
and the heralding signal propagation time from the hub to the end node are each given by
tlass — . /c, where c is the speed of light in fibre. To account for delays apart from the
propagation times, we introduce f,., as the average duration of all local (i.e., node-level)
experimental overheads, including photon generation attempts. This can, for example, rep-
resent intrinsic delays between entanglement generation attempts in trapped-ion systems,
which arise from necessary procedures such as laser excitation, qubit initialisation, cooling,
optical pumping, and system control latencies [16]. Since the photon generation attempts at
the end nodes are synchronised, the cycle time is given by

b = b 24 (5)

tlass in units chosen such that their numerical

Note that we express the terms t,y, tprep, and
values correspond to integers. Finally, in our discrete-time analysis, the number of cycles M’

to successfully establish a link is geometrically distributed:
M' ~ Geo(pyy) , (6)

whereas a freshly generated link is assumed to be in the Werner form with fidelity f.
and corresponding Werner parameter wy, such that f,» = (1+3wy)/4 is the fidelity. Note
that imperfections such as reduced two-photon interference visibility, detector inefficiencies,
or dark counts contribute to noise and consequently lower the fidelity. We do not model these
effects explicitly and instead incorporate them into the effective fidelity f.,,. This approach
similarly applies to the assumptions outlined in [A4HAB5]

Entanglement generation between an end node and a neighbouring border node:
Similar to [A3] we adopt a discrete-time model for entanglement generation, now between
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an end node and a neighbouring border node, e.g., between P; and B;. Since B; is located
right next to the hub Hy, only the photon from P; traverses the distance d,, to Hy, while the
photon from B; has negligible travel time. Since the border nodes are assumed to have the
same properties as the end nodes, the entanglement-generation probability between an end
node and a border node can be obtained as

P = PO(dy) = p2 1074w /10 (7)

Furthermore, the photon travel time from an end node to the hub and the heralded signal
propagation time from the hub to the end node are each given by t<% = d,, /c. In com-
parison to this, the duration for both the photon from the border node to the hub and the
return heralding signal from the hub to the border node is negligible. For properly synchro-
nised entanglement generation attempts, considering that the average duration of all local

experimental overheads is as in [A3], the cycle time is given by
tm = tprep + 265035 (8)

Note that the quantities ty, tprep, and t555 are expressed in units chosen such that their
numerical values are integers. Finally, in an entanglement generation attempt, the number
of trials M; required to establish an entangled link ¢ follows a geometric distribution:

M; ~ Geo(pyn) , i€ {1,2}. 9)

Once an attempt succeeds, we assume that the generated link is of the Werner form with
fidelity f, and corresponding Werner parameter wy, such that f,=(1+43wy)/4.
Entanglement generation in the backbone: We model entanglement generation in the
backbone as a monolithic process, where each attempt takes a fixed duration ¢, and succeeds
with probability p,. This abstraction captures the behaviour of quantum systems that can
store spin qubits in memory, such as trapped ions, colour centres, as well as systems capable
of storing photonic qubits in memory for a finite time window, such as atomic ensemble-based
memories. Thus, the number of attempts M, required for successful entanglement generation
in the backbone and the corresponding generation time X, are given by

Mb ~ Geo(pb) s Xb = thb 5 (10)

and the resulting entanglement generation rate is
Rb = 1/E(Xb) = pb/tb . (11)

Since we consider that the border nodes share the same properties as the end nodes, we again
assign t,rep as the average duration of a single photon generation attempt at a border node, in-
cluding local experimental delays (see. Thus, we define the cycle time ¢}, as the sum of the
time it takes to create a single photon from the border node, i.e., tep, added with the one-way
classical communication time between the two border nodes across the backbone {8 i.e.,

ty = tprep + 15 (12)

For evaluation, we use an estimate of the entanglement generation rate in the backbone from a
model of trapped-ion nodes connected via repeaters composed of ensemble-based memory [27].
Thus, we can obtain the estimate for p,, by using and . Note that the quantities ty,,
torep, and {1855 are expressed in units chosen such that their numerical values are integers.

We also assume that the entangled link produced in the backbone can be transferred to
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Figure 2: Classical communication time between nodes in an intercity quantum network.

the border node memories without loss. Consequently, the resulting link between the bor-
der nodes can also be described by a Werner state (1)) with a Werner parameter w, and
corresponding fidelity f, such that fi,=(1+3wy)/4.
Entanglement swapping: End-to-end entanglement across the IN is created in the fol-
lowing steps: first, entangled links between end and border nodes and in the backbone are
created in parallel, which we refer to as elementary links. We adopt the swap-ASAP pol-
icy [45], i.e., as soon as a border node holds entangled links on both sides, it performs an
entanglement swap |46]. Two such swaps on two border nodes complete the creation of an
end-to-end entanglement in the IN. We assume this swap is realised deterministically, since we
assume that the border nodes can implement swap using quantum gates and measurements
on the qubits in memory. Furthermore, we assume that the swap process is noiseless. This
is justified in the context of long-range quantum teleportation, where qubit decoherence due
to waiting times during remote entanglement generation is the dominant source of noise.
Classical communication time between nodes: At the beginning of each end-to-end
entanglement generation round, all participating nodes in the network are synchronised and
prepared to initiate entanglement generation with their immediate neighbours. In an elemen-
tary link generation attempt, whether between adjacent end nodes or between an end node
and a border node, a BSM is performed on the incoming photons at the hub. Based on the
outcome, a classical heralding signal is issued to both nodes to indicate the success or failure
of the attempt. Similarly, upon completion of the final swap, a classical message is sent to
both end nodes, confirming successful end-to-end entanglement generation. Since the border
node is located right next to the metropolitan hub, the time to send a message from a border
node to a neighbouring end node is t%*. Denoting by % the time for propagation of a
message across the backbone [A5] the total communication delay associated with the final
notification is given by

tmgg = 1025 4 gelass (13)

This communication time is shown in Fig. 2] Consequently, the communication time across
the IN between two end nodes belonging to different metropolitan networks, e.g., Py and Pj
(see Fig. 2)), is given by

tf:lass — 2t$ass 4+ tglass ) (14)

int

Cut-off time: Due to the probabilistic nature of elementary link generation, links that
are generated earlier must wait until a neighbouring link is formed to start entanglement
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swapping. During this period, links decay in the memory, which degrades the overall fidelity
of the final link. To mitigate the effects of decoherence, a common strategy is to employ a cut-
off mechanism [53| where old degraded links are discarded and replaced with freshly prepared
links. In our model for single-shot entanglement generation across the intercity network, we
implement this strategy as follows: initiate entanglement generation trials by simultaneously
starting generation attempts across all elementary links. A timer activates upon the successful
establishment of the first link. If the remaining links are established within a predetermined
cut-off time t., we perform entanglement swaps between adjacent links as they become
available, ultimately yielding an end-to-end link after the final swap. Conversely, if all
required links are not created within #.,, all active links are discarded, and the entanglement
generation process restarts across the network. This entire approach is commonly referred to
as a global cut-off strategy in literature, e.g. [34]. As mentioned earlier, we define a round as
a whole trial to establish an end-to-end link, composed of multiple attempts for elementary
link generation. A round is considered successful if the time interval between the earliest and
latest generated elementary links remains below a specified cut-off time.

While a lower cut-off time t.,; improves the fidelity of the end-to-end link by reducing the
storage time of qubits, it leads to a reduction in the corresponding entanglement generation
rate, as more links are discarded. Following [39], we vary t., within the range

teut/teon € [0.01,1] (15)

where t., denotes the memory coherence time. Moreover, the cut-off time must be suffi-
ciently large to accommodate both the time required for entanglement generation attempts
on individual links (¢,,,?,) and the classical communication delays (tmsg). In this work, time
is treated as a discrete variable, taking values in the set of natural numbers. Thus, we obtain
the following range for the cut-off time:

teut € (max {tm, ty, tmsg; 0.01 tcoh} , tcoh] NN =: Tout - (16)

Note that our analysis in Sec. only requires the lower bound of .., but not the upper
bound. Also, cut-off times exclusively apply to HEG between end nodes involving multiple
links and the data qubits are never discarded.

Note that, as per our cut-off strategy for single-shot entanglement generation in the intercity
network, the decision to restart is determined independently at each link based on its genera-
tion attempt. However, it is possible to enhance the end-to-end entanglement generation rate
by adopting more flexible cut-off strategies, for instance, one may discard and restart only
those links whose generation time exceeds t.., while retaining other successfully generated
links. This process continues until all three links are generated within a ., time window.
Analysing this cut-off policy is more involved and is left as future work.

Data qubit preparation, local gate operation, and qubit measurement: Although
the time scales associated with qubit initialisation, gate operations, and measurements vary
across different physical platforms, it is orders of magnitude shorter than the entanglement
generation times and classical message propagation times in networks where nodes are sep-
arated by hundreds of kilometres. For example, durations for local operations such as qubit
preparation, gate operation, and measurement in trapped-ion systems typically lie in the
range of hundreds of nanoseconds to a few microseconds [39,82]. For colour centres, these op-
erations can range from a few nanoseconds to a few microseconds [20,47,83-85|. In contrast,



14

classical communication between spatially separated nodes over hundreds of kilometres incurs
delays on the order of milliseconds, constrained by the speed of light in optical fibre (approx.
5us/km). Furthermore, entanglement generation between distant nodes typically requires
multiple attempts due to the probabilistic photon generation process, photon loss through
fibre, detector inefficiencies, and the probabilistic nature of heralding, which significantly
increases the overall time required for entanglement generation. Due to this pronounced sep-
aration of time scales, we assume that the local operations are instantaneous relative to the
long-distance entanglement generation time. Note that in the HEG process, we account for
the local experimental overheads separately in and via and , which can range
from several hundred microseconds to milliseconds per attempt |16].
Equipped with these assumptions, we now formally describe [QIHQ4]

4. Objectives and Methods

In this section, we present the methodology for determining the necessary requirements to
achieve teleportation with a desired level of quality in the network shown in Fig. [1] Specifically,
we address [QIHQ4]l We observe that the teleportation rate and the expected fidelities of ER and
QR teleportation in the MNs and IN depend on the hardware parameters as shown in Tab. 2
In addition, we include the non-hardware parameter cut-off time t.,; (in parentheses) to show its
influence on the performance-relevant metrics. Note that under our assumption of instantaneous

Table 2: Description of quantities of interest and the influencing parameters.

Quantities of interest Influencing parameters
Metropolitan network (MN):
Teleportation rate Ry, P’

Expected ER teleportation fidelity E(FER)  pO ¢ on, for

Expected QR teleportation fidelity E(F@R)  p° | teon, fur

Intercity network (IN):

Teleportation rate Riy P, Pbs (teut)

Expected ER teleportation fidelity E(FER)  pO teon, fus Dby fo, (feut)

Expected QR teleportation fidelity E(F; QR) 1Y, teohs Sms Pos oy (teut)

int

local operations, the teleportation rates are identical for both teleportation types in the MN and
IN. Our primary objective is to identify the combination of hardware parameters required to
achieve the target teleportation fidelity 2/3 in the MN and IN. Within the feasible parameter
space, we seek to determine the minimal hardware improvement required over the state-of-the-art
parameters, with respect to the cost function introduced in the next section.

4.1. Optimisation Framework and Hardware Cost

We recall from that our first objective is to investigate whether the state-of-the-
art hardware can achieve the target teleportation fidelity fiarget := 2/3. To that end, we
characterise the feasible parameter range that helps attain this threshold. Let X denote the
generic hardware parameter vector determining the expected fidelity of teleportation E(F'), where
F e {FER FOR PER [QRV. goe Tab, for the explicit forms of X and F. In addition, Tab.shows
the dependence of F' on the optional non-hardware parameter t.,;. Denoting the feasible hardware
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parameter space as A and the range of ¢, as Ty, the desired range of hardware parameters can
be written as

Asi={X€A: max E(F(X] to)) 2 furger} . where A= xm @ 3] (17)
with A, X(i), and m respectively denoting the lowest possible value of the ¢th hardware parameter,
its optimistic value, and the total number of hardware parameters influencing the expected
teleportation fidelity E(F'). The optimistic values represent projections by experimental groups
for achievable performance in the near future; see Sec. [£.3] Since these projections are based on
current experimental status and possible room for improvements, it remains uncertain a priori
whether these optimistic values are sufficient to achieve the target teleportation performance.
Therefore, we impose X(z) as an upper bound in to identify, if it exists, the most accessible
point in the parameter space that meets the required criteria. Note that the vertical bar preceding
teut in the expression for F' in highlights that it is a non-hardware parameter, relevant only to
teleportation in the intercity network. Furthermore, the specific form of T¢ is provided in .
Furthermore, we define the baseline parameters, denoted as A(i), to represent the current state-
of-the-art values such that A\ € A® ,X(i)], for all i. In our evaluation, we specifically adopt
the baseline and optimistic parameter sets corresponding to experiments with trapped-ion and
ensemble-based memories; see Sec. [£.3] for more details.

It is evident that if the state-of-the-art (i.e., baseline) values of the hardware parameter lie
in the desired range A, which achieves teleportation with target fidelity, no further hardware
improvement is required for attaining our objective. Otherwise, we aim to find the minimal
hardware improvements necessary, in the following space

Ay = {X € Apase: glea%mE( F(X| teut)) = frarget} » where Apage := xgl[g<i>,x(l)] . (18)
Then, the minimality of hardware improvement is defined in terms of the cost function [38}39,50]
denoted h, which leads to the set of resulting hardware parameter values as A’,. That is,

A i={Xe A h(X,X) = min AN, X)}, where h(X,)) : ZIF (@D Ny (19)

NeA

In (pN)I (A(“)>
In(py,(A®))

(4)

and the functions py/, @ € [m] denote the probability of no-imperfection, a metric [49] that

TEAO A = , (20)

maps hardware parameters with varying ranges to [0, 1]. In this mapping, the functional value 1
corresponds to ideal performance such as infinite coherence time, perfect link fidelity, and 100%
base efficiency. We provide the specific forms of pyys in Tab. [3] Moreover, to quantify the degree
of improvement required for each parameter relative to its baseline, we define the improvement
factor (IF) as in and define the hardware cost h as the sum of the improvement factors
across all parameters. It is important to note that the hardware cost computed through this
methodology serves as a measure of the technical difficulty in enhancing hardware parameters to
the specified levels, rather than representing any financial costs.

Observe that the definition of the set A/ in involves solving a constrained optimisation
problem, where the constraint N € A, . isimposed to ensure that the target performance in (17)) is
met. Moreover, restricting the search space to A, rather than A, ensures that the optimisation
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process seeks only parameter improvements, preventing any parameter from being reduced below
its baseline value. We adopt the approach called scalarisation [86, 87| to convert this into an
unconstrained optimisation problem, which is numerically convenient to solve. Specifically, we
add the constraint as a large penalty term to the objective function h, yielding a new objective
function ¢, which, due to the presence of the penalty term, may also depend on the non-hardware
parameter feu:

(XA F | teu) = 01 (14 (Frarger ~B(EX | fe10)))”) Ler(iraye e t02h (X 2) - (21)

As mentioned, the indicator function L p(5) tene) introduces a penalty when the target fidelity

is not achieved. Further, the weights w; and w2< f(t:z;ie%rol the relative importance of satisfying the
fidelity constraint versus minimising hardware cost. By imposing w; > wsy, we ensure that the
optimiser prioritises solutions satisfying F (X | teut) > frarget- In our implementation, we set
w; =10 and wy =1 following [50] since the precise value of the total cost is irrelevant when the
fidelity constraint is violated.
With the updated objective function ¢, we derive the set of desired hardware parameter values
A, as below:
A= {XN € Apase: €N A F [ te) = . min (N, XN F | L)} (22)
N €Abases teys €T cut
Finally, we use the optimisation heuristic from [88|, which outputs a point X, € A, that is
practically equivalent to any other point in A, considering our objective. We now address the

individual questions in [Q1HQ4!

4.2. Reformulation of [@1]

Recall that in we consider teleportation in an MN;, i.e., between nodes P; and P, (resp. P;
and Pj) via the metropolitan hub H; (resp. Hs). To identify the desired parameter space for the
MN, we first introduce the following shorthand notations for the relevant hardware parameters
and their ranges:

Xm’ = (p?n»tcoha fm’)7 gm/ = (g?nazcoh7:fm’)a Xm/ = (]_D?n)tcohaim/)a Xm’ = (ﬁ?n?tcoh77m/)7 (23)
Am’ = [ggnﬁ?n] X Ecoh7fcoh

] X [fm’a fm’]? Am’,base = [E?naﬁgq] X [tcohazcoh] X [i

m’’

e (24)

Recall that the parameters with lower bars denote baseline values, and those with upper bars

denote optimistic values.
For the ER case, we denote the desired parameter range enabling teleportation in the MN
with the threshold fidelity as

APR = X € At E(FER (X)) > Franget ) - (25)

In case the baseline values lie outside this desired region, we proceed to find the set of points that
minimises the hardware improvement cost as

ER v Y, N
Al* = {)\m/ S Am’,base: C(AmUAm”

FER) = min e(Xy X FEY) | (26)
A:ﬂ/ eAm’,base

Depending on the cost function landscape, there could be multiple points in the parameter

space satisfying the required criteria. However, as discussed earlier, our numerical optimisation

algorithm yields a specific solution \PR € AR which is sufficient from a practical point of view,

since all such points are equivalent with respect to minimising the cost function . Moreover,
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for better visualisation, we plot the following surface

A}lif = {(pgn,tcoh,fm/) € A]ff: = min 2}, (27)

(pg‘ntcoh 7Z)€A]£3-E

instead of the the desired parameter range AFR. Observe that AR denotes the set requiring
the minimum link fidelity f,, among the points in AI{]}}. Also, for each point on this surface, we
calculate the corresponding teleportation rate as:

RYR (Aw) = Run(p5) , A € AT (28)

For the qubit-ready (QR) case, the desired parameter space, the surface, set of optimal points,
and the corresponding rate for the points on this surface are, respectively, given by

A(lgf = {Xm’ € Awr: E(FmQR(Xm’)) > ftarget} ’ (29)
A?}j = {(P°, teon, fur) € A?}:‘: Sfor = min Rz} , (30)
(pgnvtcohvz)eA?+
A‘B,}’”::{Xm, € A pase: €Oy Ay FSR) = min c(*;n,,:m,,pg%} : (31)
)‘;n/ eAm’ ,base
R (N) i= R (%) , A € AT (32)

The reformulations of |Q2HQ4] are carried out in a similar way, and we define them
formally in [Appendix B| For example, in the reformulation of for ER teleportation, the

desired parameter space, surface, set of optimal points, and the corresponding rate are denoted
respectively as AP, AP AER and RER; see see (B-5)-(B-9).

For evaluations, we need to compute the sets f and their counterparts for
provided in . To that end, we first express the performance metrics, i.e., the rate
and fidelity of teleportation as mentioned in Tab. [2] in terms of the hardware parameters and the
cut-off, where applicable. The derivations for the metrics for intercity teleportation are provided
in Sec. [5| while the corresponding expressions for teleportation within an MN are provided in[Ap]

[pendix A.2and [Appendix A.3l In the next section, we outline the procedure used to arrive at the

baseline and optimistic values of the hardware parameters, considering trapped-ion nodes for the
MNs and ensemble-based memories for the repeater chain in the backbone.

4.8. Baseline and Optimistic Parameter Values

We take the parameter values for the MN components corresponding to the quantum
communication experiments with trapped ions. Our choice is motivated by the popularity of these
physical systems in the context of quantum networking primitives. Empirical demonstrations of
the efficacy of such systems include long-lived quantum memories [16}/89], remote entanglement
generation |14} |15 |17], the ability to perform high-fidelity single- and two-qubit quantum
gates [90-92|, and entanglement swapping [14]. Note that we do not assume all parameters
to have been demonstrated in the same experimental setup.

The baseline parameter values listed in Tab. [3| reflect the state-of-the-art experimental
capabilities, while their optimistic counterparts represent projected near-term improvements.
Recent experimental work [14] has demonstrated entanglement generation over a trapped-ion
network with average fidelities f, up to 0.88 relative to a maximally entangled state. Furthermore,
coherence times (tcon) as long as 62 ms have been achieved [16]. Our baseline for the base efficiency
pY for ion-ion entanglement generation, i.e., without considering the fibre loss, is 5.95 x 107%. We
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provide a comprehensive derivation of p? from experimental parameters in [Appendix A.1| and

obtain the baseline value. Following the supplementary material of [16], we take ¢, as 175 us.

To obtain the optimistic values of these parameters, we incorporate anticipated near-term
hardware advancements as indicated by experimental physicists at the Institute for Quantum
Optics and Quantum Information, University of Innsbruck [93]. These improvements include
narrowing the photon-detection coincidence window and enhancing photon detectors to increase
ion—ion entanglement fidelity. We expect such advances to yield a metropolitan link fidelity f, of
0.95. Moreover, employing decoherence-free subspaces [60,(94] in combination with sympathetic
cooling techniques [95,96], or using alternative ion isotopes with inherently longer coherence
times [97], is expected to extend the memory coherence time t.,, to 4 seconds. With respect to
the base efficiency pY , the ion-photon entanglement-generation probability can be enhanced by
employing smaller cavities to achieve better coupling with the trapped ions, using improved photon
detectors, and frequency conversion techniques for the emitted photons. These advancements yield
an optimistic estimate of p¥ = 1.43 x 1072. We provide the corresponding derivation in
[A1 Note that we do not know a priori whether the optimistic parameter values are sufficient
to satisfy our requirements. While these values are based on projections of current experimental
capabilities and plausible future improvements, further improvements beyond these estimates may
be possible. In this work, however, we do not consider such potential advancements and instead
assess whether the optimistic parameters are adequate.

The backbone network, which spans a distance of 450 km, has not yet been experimentally
realised. However, multimode quantum memories based on atomic ensembles have been shown to
enable heralded entanglement generation when integrated with spontaneous parametric down
conversion sources [55,(98]. Motivated by these advances and the potential for long storage
times [99,/100], we base our parameter estimates on theoretical models of hybrid architectures
that combine trapped-ion nodes with atomic ensemble-based repeaters [27,128]. For the baseline
backbone parameters, we adopt conservative estimates consistent with current experimental
capabilities.  Using the formalism of [27], this yields an entanglement generation rate of
approximately 1/1610.15 sec™! at a target fidelity f, =0.6 . Following the supplementary material
of [16], we take e, to be 175 us. Thus, using and , we obtain the baseline of backbone
entanglement-generation probability p, = Ry, x t,=1.51 x 107¢ where we used {1 =450/c, and
¢=200,000 km/s is the speed of light in optical fibre.

To derive the corresponding optimistic values, we follow [27] to arrive at an entanglement

! with a target entanglement fidelity f,=0.9. This

generation rate R}, of approximately 1/0.58 sec™
gives the optimistic backbone entanglement-generation probability p,= R}y x t,=4.18 x 1073,
We emphasise that although the parameter values for our evaluations are based on quantum-
networking experiments involving trapped ions and atomic ensemble-based repeaters, our

modelling framework remains hardware agnostic.

5. Derivation of the Teleportation Rate and Expected Fidelity in the Intercity
Network

To answer [Q2HQ4, we now derive the rate and fidelity of teleportation in the IN, which are
then plugged into the formulations of the desired sets in [Appendix B.1HAppendix B.3|

I Based on the two-single-click protocol of [27,28|, and values obtained using the corresponding code repository.
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Table 3: Mapping of physical parameters to corresponding no-imperfection probabilities (pyy),
which re-scale physical parameter values to the interval [0,1]. Baseline values reflect the
state-of-the-art experimental capabilities, and optimistic values represent projected near-term
improvements. We vary parameters over this range to evaluate the hardware requirements to
perform teleportation. The metropolitan and backbone parameter values are representative of
trapped-ion-based networks and ensemble-based quantum repeater chains, respectively.

Parameter \( pnr(AD) Baseline A\ Optimistic X(i)
Metropolitan base efficiency p° o 5.95 x 1074 1.43 x 1072

(see |Appendix A.1) (see|Appendix A.1
Coherence time tcop e~ /teon 62 ms [16] 4 s 193]
Metropolitan ent. fidelity fi, s(4fm—1) 0.88 [14] 0.95 [93]
Backbone ent. gen. probability p, py 1.51 x 107¢ 4.18 x 1073 |27]
Backbone ent. fidelity fi, s(4f,—1) 0.60 0.90 [27]

5.1. Derivation of Teleportation Rate in the Intercity Network

In our model of the IN, the rate at which a qubit can be teleported between end nodes belonging
to different MNs is determined by the time required to establish end-to-end entanglement and
subsequent teleportation time. Due to[A9] the teleportation time includes the transmission time

of the Pauli correction message from the sender node to the receiver, which is given by #¢lass;

see (14). Further, let Xc be the random variable representing the time to establish an end-
to-end entanglement successfully. Since we assume that data qubit preparation is instantaneous

(see[A9)), the total time required in both ER and QR teleportation is #{2% + Xo,. Thus, the rate

int
of intercity teleportation is given by

. 1 1
(Teleportation rate) Rint = BT Xon) = R X (33)

int

int

We now focus on the derivation of E(Xe.). To that end, we introduce certain notations and
rephrase relevant implications from assumptions [ATHA9]

R1 Individual link generation times : Recall from that a cut-off time t., is imposed
to ensure a certain quality of entanglement. We denote by X;, X5, and X}, the duration of
successfully generating entanglement between P; (or Ps) and J;, P3 (or P4) and Jo, and Jy
and Jo, respectively. We further define

Xiax := max{ Xy, Xo, Xp} , Xpin := min{ Xy, Xo, X;,} .

As explained in[A8] we consider an end-to-end entanglement generation round to be successful
if and only if all links are produced within a t.,; time block where t.. € Ty ; see . That
is, we require

Xinax — Ximin < tewt <= Ximax — Xmin < loye = leut — 1. (34)

R2 Auxiliary variables: To denote the success of the i-th end-to-end entanglement generation
round, we introduce a Bernoulli random variable Y. That is, Y® =1 if end-to-end
entanglement is successfully created during the i-th attempt and Y =0 otherwise. Also,
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we denote by N the number of rounds until successful entanglement generation and by Z®
the duration of the i-th round. We also assume

y@ 'Ry 707, (35)
P(Y = 1) = P(Xynax— Xomin < tout) = P - (36)

Recall from [A6]that entanglement swap in memory always succeeds. However, in a successful
entanglement generation round, after completion of the final swap, a classical message must
be transmitted to both end nodes to signal whether the actual teleportation process can
commence. As mentioned in and illustrated in Fig. , the duration required for this
communication is denoted by t;s. On the other hand, recall from that a round is
considered unsuccessful if the final entangled link (out of three) is not generated within
the cut-off time t., since the generation of the first elementary link. At time X,;., a
classical message is sent across nodes to communicate successful entanglement generation in
the relevant link. The message takes at most t,,s; time to reach the farthest node. Since we
have teyy > timsg (see ), this allows all nodes to abandon existing elementary link generation
attempts by time X, +tcy and restart the round. Thus, the duration of a successful (Y = 1)
and failed (Y = 0) end-to-end entanglement generation round is given by

KXmax + tmsga ify =1 ’
7 (37)
Xmin + Leut, ity =0.

R3 Events concerning end-to-end link generation rounds: We define the following events
to facilitate our analysis:

Ap={w: Xy (W) = X; ()}, AAj=A; N A, AiApAy= [ A, i je{1,2,0} . (38)
ke{1,2,b}
Further, the following events correspond to Y = 1, i.e., success in the i-th round:
A ={w: Xpax (W) = X; (W), Xmax — Xunin < i}
A = {w: Xipax (W) = X3(w), Xopin (W) = X (W), Ximax — Xnin < Loy}
AFAT =ATNAS i je{1,2,0}; ATATA = [ A .

Vi )
ke{1,2,b}

(39)

Characterisation of these events in terms of My, My and M, is straightforward. For example,
on AfAf, My, My and M, will assume values of the following form

tm t t!
My, =km*, My=Fkm*—, for k€ N, m"= >  and My —- < My, < M. (40)
tb ng(tm, tb) tm

An exhaustive list of characterisations for the events in is shown in Tab.
For failed rounds (i.e., YV =0), the relevant events are defined as
A7 = A, —AF ) ie{1,2,b};
A7 AT = A7 NAL 4,5 €{1,2,b};
A;J = {w : Xmax(w) :Xi<W), Xmin(w) :Xj<w), Xmax — Xmin > tcut} )

AGA=AN AL, 40k 1€ {1,2,b} .

(41)

Characterisation of these events in terms of M, My, and M, is given in Tab. [f
help us derive E(Xe.), which we describe in the following theorem.



Table 4: Reformulation of the sets from (39)). Here, 7,7 €{1,2}, and i'=(i+1) mod 2.

Set Definition Interpretation in terms of M, M,, M,
<M., <M,
R By Mot % ]
. max itm b b < [ Mitm /[ty
X’i < X, < X ’ Cut )
26{172} cut b > M; > [tb/tm—‘
A;— X, — cut < X, <X, max(l, Ir(Mbtb tcut)/tm—l) <M;< LMbtb/th>
M, e N
o X=X, max(L, (Mt —t) /1) < My < [Mitu/ 1]
1o Xl_ cut < Xb < Xl M2 - Mlu Ml Z I_tb/tm-l
- < My <M,
A+Ab+, X _Xb, (MZ 2fcut/tm—l —Ml —MZ7
,62{1 0} X <X, <X M;=km*, My=km*ty,/t, for k € N;
? ) b cut — 1 b see
Mt = Moty = Myty, = km*t,, for k € N;
+ A+ A+ Y.
Table 5: Reformulation of the sets from ([41]). Here, 7,7 € {1,2}, and ¢'=(i+1) mod 2.
Set Definition Interpretation in terms of M, M,, M,
e Xy < X1=Xo, My = My,
AT Ay
Xb < Xl_tcut Ml Z ((Mbtb"i_tcut)/tm—h Mb eN
o X, < X=X, M; = km*, Mb*: km*t,, /ty, for
A; 4, k€ [[(Mitm+te)/(m*tn)],00) NN, My € N;
Xi’ S Xi_tcut
see (D)
A- Xy < Xy < X, [ Myt /ty] < My < [ Mty /1],
i Xi’ S Xi_tcut M’L Z Mz’_'_ [tcut/tnl—la Mi’ eN
A= Xy < Xy < X, [Myty, [t ] < My < M;,
® Xp < Xi—tew M; > [(Myty+tew)/tm], My € N
- Xy =X, < Xj, M; > My +[teut/tm],
A AL ) .
we Xi < X;—teut My =km*, My=km*ty/ty, for k€N, see
A Xi < Xy < Xy, M; < My < [ Myt [t
bi Xz S Xb_tcut Mb Z I_(Mitm_’_tcut)/tb-I, Mz S N
o X1=Xy < Xy, My = M,
Ay Ay _
Xy < Xp—tew My > [(Mitm+tea)/ts], M1 € N

Theorem 1. The expected time to successfully establish an end-to-end link is given by

E(X) < E (Z1yey) + E (Z1yoy)

, where 42
P (42)

21



22
E(Zlyo1) = 2B(Z1 40 ) +E(Z1 4 ) —E(Z1 41 45) —2E(Z0 g1 40 ) 4E(ZL g1 4 0s) . (43)
E(Z1y—) = Q(E(Zﬂ ) +E(Z1,-)+E(Z1, b)) —2E(Z1,- - ) ~E(Z1,-4-)

~E(Z1 -2 ) —2E(Z1,-4-) - (44)

Proof. Since N denotes the total number of rounds required for successful end-to-end entangle-

Xeoe) = (ZZ“) (45)
25(x(3 7 1) 2

ment generatlon

@ipu ) 1E( = 0 | N=n) (47)
DS - (3 lE (20 1yO=0)+E (2 [y0=1)) @4
) ¥ p(l—p)n_l((n— DE(Z | Y=0)+E(Z|Y=1)) (49)
(]19_) (Z|Y=0)+E(Z|Y=1) (50)
. (é D R 53
E (Z1y=o) + E (Z1y=;) | (52)

p

which establishes . Here, in (i) and (v), we have used the definition of conditional expectation.

Further, (ii) uses the fact that N ~ Geo(p), (iii) uses linearity of expectation and (iv) follows

from the fact that y Oy and Z® ¥z

To show and ., we use the principle of inclusion and exclusion. Recalling the defini-
tions of A;’s and AFAPs from (39),

E(Z1y_)
= E(Z]lAT)JrE(Z]lA;)HE(Z]lA?) ~E(Z1 43 a3) —E(ZnAm) —]E(Z]IA;A;)HE(Z]IATA;A:)
(53)
= QE(Z]IAT) +E(Z]IA;) _E(Z]IATA;) _QE(ZHATA;) +E(Z]1ATA;A;) ’

where (i) follows from the symmetry of the metropolitan links.
For Y =0, we similarly have

E(Zly=0) = 2E(Z1 1) +E(Z1 - ) ~E(Z1 4 4;) —2B(Z1 4o o2 ) +E(Z1 41 45 47) (54)
- 2(E(Z]u )+]E(Z]1A;b)—E(Z]1A;2AIb>> +2E(Z1 ) —E(ZL,,4;)
—E(Z14-47) —2B(Z1 4 4-) -

Note that E(Z1 ATAS Ab—) =0, as the subset A7 A; A, is empty. In (i), we again use the prin-
ciple of inclusion and exclusion as the events of the form A; are determined via X,,.x, while
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ZlY =0 ~ Xy + tews. Specifically, we have

Lip =l g —Lapag o Ly = Lap + 1 = Tapan (55)
Also by symmetry, E(Z 1 AEl) = ]E(Z 1 Ab}). We have thus established and . O

We calculate the individual terms of in [Appendix C.1|, which are given by (C.32)), (C.39)),
(C.44), (C.49), and (C.53)). For , the calculable expressions of the individual terms are given

in (C.63), (C.69), (C.79), (C.87)), (C.90), (C.95), and (C.101). The calculation of the end-to-
end entanglement generation success probability p follows directly from the fidelity calculation.
Hence, we present the derivation in Sec. . In particular, p = U;(0); see . Plugging these
in , , and and subsequently in (33]), we obtain the teleportation rate in the IN. Next,
we derive the expressions for the expected teleportation fidelity.

5.2. Derwation of Expected Teleportation Fidelity in the Intercity Network

In our model of IN, the fidelity of the teleported qubit for ER teleportation depends on (i)
the fidelity of the end-to-end entangled link and (ii) the time taken to transmit the classical
Pauli correction message from the sender node to the receiver #{2; see . Furthermore, for
the QR teleportation, since the data qubit decoheres until the end-to-end link generation, the
teleportation fidelity also depends on the time required to generate this link. Hence, we first focus

on the derivation of the expected fidelity of the end-to-end link in the next lemma.

Lemma 1. The expected fidelity of an end-to-end entangled link in the IN is given by

1 4 3E(wege 2 ~hktmsg

#, where  E(wege) = et ek — Uy (k) , with (56)
p

2
Ui(k) :==E(e ™" 1y_y) , & = and (57)
coh

Xmax — Xmin, for Af and A;,
Xaig 1=
2Xb—X1 —XQ, fOT’ A;_ .

FeQe =

(58)

Here, w,, and wy are the Werner parameters of freshly generated links between an end node and
its neighbouring border node, and between two border nodes across the backbone, respectively.
Furthermore,

Uy (v) =2 (E(ev (X17X2)]1Aj’2) +E(e (Xl—Xb)]lAIrb) —E(e (XIXQ)]IAEAE)) +E(e (2beX1fX2)]lA;_)
—E (e 4 ) 2B (e TRy ) E (L g at) - (59)

Proof. Recall from that X;, X5, and X, are the duration of successfully generating
entanglement between Py (or Py) and J;, P3 (or Py) and Jy, and J; and Jo, respectively.
Furthermore, recall from that an entanglement swap between two Werner states results in a
Werner state with the corresponding Werner parameter being the product of those of the initial
states. Since decoherence affects the states and the effect depends on the chronological order of
the generation times, the end-to-end link fidelity differs across the events defined in and .
We describe the evolution of the Werner parameter for each case in the Tab. [g]

Since unsuccessful trials do not influence the fidelity of the final end-to-end entangled link,
we restrict our analysis to the case Y =1. In this case, we use the shorthand Xgg introduced
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Table 6: Derivation of the Werner parameter of the end-to-end entangled state. In the last
column, we include the constant communication delay ., which accounts for the time required
to transmit the final swap message from border nodes to both end nodes. We set k = 2/tcop.
Note that due to symmetry of the metropolitan links, the contributions from the events A3, Aj,,
and A}, are identical to those from Aj,, Aj,, and A}, respectively. The final column is precisely
w? wype FXairttmse): see (58)).

Set | Xmin Xmid KXmax End-to-end link
link 2: w,ye FE—X2) link b2: wywpe FEX1—X2) ) k(X1 —Xa)
w2 wye
A7y | link 2: wy, | link b: wy, link 1: wy, mh it
. @ Flmsg
link b2: wpw,e ¥ Xe=X2) | Tink 1b2: w2 wpe FX1=X2)
: . —k(X2—Xp) : . —k(X1—Xp)
link b: wye 274 link b2: wyhwpe 1= W2 kX -X0)
Afb link b: wy, | link 2: w,, link 1: wy, o 1t
. @ Flmsg
link b2: wyuwpe #X2=X) | link 1b2: wfnwbe*k(Xl*Xb)
link 1: wye FX2=X1) link 1: wye F&—=X1)
. link 2: wy, link 2: wye FXp—X2) w? w,e FEX—X1-X2)
Ay; | link 10wy, . u
link b: wy, - @~ fitmsg
swap not possible link 1b2: w2 wye FEXe=X1=X2)

in to succinctly express the contribution of different sub-events by

Wege = w?nwbe_k(xdiﬂ"‘tmsg) , (60)
see Tab. [6] for an explanation. Thus, we obtain the expected Werner parameter of the end-to-end

link as 9

E (1) = E(uupe *Xartme) | v =1) (61
= w2 wpe Fme E(e kXan |y =1) (62)
]E(e—kXdiff ]lY:]_)
2, —kt

_ e 63
Hme€ P(Y = 1) (63)

2kt

LD Lt 2

and the corresponding expected fidelity is (1 + 3E(weze))/4, which establishes (50]).
To show , we use the principle of inclusion and exclusion. Recalling the definitions of A}
and A7 from (39), we have

Ui(v) = E(e X4 1y_) (64)
= E(e*”Xdiff]lAT) +]E(67”Xdiﬁ]lA2+) —O—E(e*”Xdiﬂ]lAl-r) —E(e*”Xdiﬁ”]lATA;) —]E(e*”Xdiﬂ”]lAirA;)
_E<e—de1ff]lA;rAgL>+]E(e—deiH]1Al+A;rA;) (65)

O oR (¢ vXany . ) 4 E(e Yo ap) —E(eTRL yygn) — 2B (e g 4 )

+ E(eideiﬂ]lA'fA;A;") (66)
o <E(e_” XD ) FE (e ) —E (e Y,y Aﬂ)) +E (e GRmXmXely )

b

—E(efv (leXb)]lAILA;) —9F, (670 (X1*X2)]1A¥LAI7+) +E(]1A1+A;A;r) ;



25

where (i) follows from the symmetry of the metropolitan links. In (ii), we have used the principle
of inclusion and exclusion for the event A} since A is defined via Xy, while Xgig= Xmax — Xmin
for A} (see (B8)). Specifically, we have

Lap =Lag, + Ly, — Lagay, (67)
Furthermore, we have substituted the value of Xy from (58). Note that, for A7 AJ A}, we have
X4ig=0 which follows from the definition . Thus, we have established . O

Note that the calculation of U;(v) facilitates the calculation of p. Specifically, we have

We describe the computation procedure for U;(v) in [Appendix D.1|and subsequently calculate p

as U1(0), which helps us calculate the rate and fidelity via ([42)), (56)), (69)), and (70).
The fidelity of teleportation now follows straightforwardly from Lemma[l| as described in the

next theorem.

Theorem 2. The expected fidelity of a teleported qubit in the ER case is given by

| LB (g )e 52 1 2wy ek tmsctEls /2
(Expected fidelity BR)  poR = LEE 22)6 — = > :

Ur(k) . (69)

where Uy () and k is defined in . w,, and wy are the Werner parameters of freshly generated
links between an end node and its neighbouring border node, and between two border nodes across
the backbone, respectively.

Proof. In the ER scenario, only the qubit stored in the receiver node undergoes decoherence
during the propagation time of the Pauli correction message between the end nodes #£12%. Since

the end-to-end link has Werner parameter wego. , using ([E.4) we obtain the expected fidelity
of the teleported qubit as

1 2% —ktflass /2 1+ E(weoe —ktglass /2 1 2 —k(tmsg+t51855 /2)
E( T o ) = * Blwe)e B2 Wwthe Us(k)
2 2 2 2p
which establishes . O

Theorem 3. The expected fidelity of a teleported qubit in the QR case is given by

- qr _ 1 2 k(tmegtiiyzy €2 U(k)
(Expected fidelity QR) Fy = 3 + 5 WnWhe & tine = e R T2 Uy () where (70)
Up(v) = B ot Xmad /2 | | = tih 7 (71)
Us(v) := E(e7Xmin/2 1y ) . (72)

Here, t.on is the memory coherence time of an end or border node. wy, and wy are the Werner
parameters of freshly generated links between an end node and its neighbouring border node, and
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between two border nodes across the backbone, respectively. Furthermore,

Ug(v) — Q(E( —k(3X1/2— Xz)]l )-I—]E( _k(BXl/Q_Xb)]lAE) . E(e—k(BXl/Z—XQ)lAir2A{rb>)

i E(@ik(SXb/27X17X2)]1A;L) _ E(efk(sxl/zbe)]lATA;) _ 2E(€—k(3X1/27X2)]1A1+A:)
—kX2/2 1 —kX,/2 —kX3/2 —kX1/2
(E(e L) BT ) —E (e ]lAlQAu,)) 2R (L)
(e,kxl/g b2) _ E(ekab/Q ]lAl—A;) . 2]E(eka2/2 ]lAl_Ab_) . (74)

Proof. In the QR scenario, the data qubit is first prepared at the sender node in a pure state, and
the end-to-end link generation process begins immediately. During the failed rounds in end-to-end
link generation, the data qubit experiences decoherence for a duration of

) iid

N—
>z, where ZY) N Z V=0,

and N denotes the number of required rounds until success; see . During the successful round,
the data qubit decoheres further for a duration of

Iy~Z|Y=1;
see . Therefore, at the beginning of teleportation the data qubit has decohered to the state

]I 1 2
pal®) (] + (1= pa)5; , where pg = e™ 2 ) teon = REI ZH202 p Z 9y (T5)

After the BSM is performed on the data qubit and one-half of the end-to-end link, the qubit
stored at the receiver node memory undergoes decoherence during the propagation time of the
Pauli correction message between end nodes 24, Therefore, using (E.4)), we obtain the expected
fidelity of the teleported qubit as

1 + w 2 e_k(ZN ! Z +Zl)/2 _ktlcrl;atbss/Q
]E( esze
2

]. 1 class =1 0

5 + gwi wy e FBtmes HEE) /2 EE(e—kzﬁil Zé)/2)l ]E(e—k<xdiﬂ+zl/2))/ ‘ (76)
=:U’

Recall from that p = P(Y = 1). Now the term U’ in (76 can be simplified further as
follows: U — IE( —k YN 12“)/2))E(e—mxdmzl/z)) (77)

n—1
— Zp(l —p)! (E(e—kzo/2)> E(e—k(xdifwzl/?)) (78)

P E( (Xdlﬁ+Zl/2))

- 1—(1-p) E(e—kzom) (79)
_ E(e*k(XdiﬂJrZ/Q) ]1Y:1) (80)
1 —E(e k2 1y_,)
il e Ftmsg/2 E (e FXaimtXmax/2) 1y, ;) (81)
1 — e ktcut/2 ]E(e_kai"/2 ]leo)
@@ _c P Us(k) (82)

1 — e—Flent/2 Uy (k)
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Substituting in establishes . To show and , we use the principle of inclusion
and exclusion. Recalling the definitions of A] and A; from (39), we have

U, (U) _ E(ef’l](XdifT‘i’XmaX/Q) ]lyzl) (83)

— E(e_v(XdiH+Xmax/2)]1Af)_{_E(B_U(Xdiff"l‘xmax/Q)]lAg)+E(6_U(Xdiﬂ+xmax/2)]lA+)

b
_E(G—U(Xdiff+Xmax/2) ]lAIrA;) _E(e—U(Xdiff'i‘Xmax/Q)]]_A;rAbJr)

_E(e*U(Xdiff+Xmax/2)]1A3—A2—)+E(€70(Xdiﬁ+Xmax/2)]IATA;A;—) (84)

= 2E<€_U(Xdlﬂ+deX/2)]lAT) +]E(€_’U(Xdlff+xmdx/2)]lA;’) _E(G_U(Xdlﬂ+xde/2)]lATA;)

_ 2E(€_U(XdiH+Xmax/2)]lATA;)+E(€_U(XdiH+Xmax/2)]lATA;A;) (85)

(i__i) 2<E(6—v (3X1/2_X2)]1AE)+E(6_1) (3X1/2—Xb)]lA+ )_E(e—v (3X1/2_X2)]1AT2AE))

1b

(e CRARRI ) (e ORI ) 9B(e ORI

+E(€_vxl/2]lA1+A2+A;) ;
where (i) follows from the symmetry of the metropolitan links. In (ii), we have used the principle
of inclusion and exclusion on the event A} using and expanded the shorthand Xg;g from .
Thus, we established (73). Similarly, we can expand Us(v) as

o) = Be= o1y ) 3
= E(e /2 ]lA;) +E (et /2 ]lA;) +E (et /2 ]lA,j) —E (e min/2 ]lA;A;)
—E (e Xmin/? ]lA;A;) —E(evmin/2 ]lA;Ab‘) +E (e Homin/2 ]lAIAz_AE) (87)

Do x Cox o .
(ZQE(e Xmm/Q]lA;)"‘E(e Xmm/2]1A;)_E(6 Xmm/?ﬂA;A;)—2E(€ Xmm/?ﬂA;A;) (88)

(i) 9 (E(e”Xmi“/Q ]IAIQ) _HE(evammm 1, ) —]E(e*vxmin/2 ]1A1_2A1_b))

1b

_'U)(min/2 _'U)(min/2 _ _'U)(min/2
¥ (E(e 1)+ B (o2 1) B (e ]lA;lA;z))
_ _UXmin/2 _ —UXmin/Q
E(e 1,- A;) 2E (e 1,- A;) (89)
_ —kX2/2 —kX}/2 —kX3/2
9 <]E(e )R (e ) (e ﬂAl—zA;))
kX1 /2 —kX1/2 —kXy/2 —kXa2/2
F2E (e ) B (e ) SR (e TP, ) 2B (e, )
where (i) follows from the symmetry of the metropolitan links. Note that E(e*”Xmi"/ 21 AT Ay A;) =0,
as the subset A7 A5y A, is empty. In (ii), we have again used the principle of inclusion and exclu-
sion using as the events of the form A; are determined via X,.x, while here we need X,.
Furthermore, by symmetry, IE(Z 1 Az?l) = ]E(Z 1 AEQ)' Thus, we established by plugging in the

value of X, i.
O

Observe that instead of evaluating U;(v) and Us(v) separately, we can compute
Uv, o) = 2<E(ek((a1)xlxz)]1Al+2) + E<e*k((a71)X1*Xb)]1ATb) _ E<ek((a1)X1X2)]1AT2AE))

+ E(e—k(axb—xl—x2)]lAb+> _ ]E(e_k((a—l)xl—Xb)]]_ATA;r> _ QE(G—k((a—l)Xl—X2)]1AI+Ab+)

+ E(efk(WQ)Xl]lA;‘A;A;) ; (90)
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which gives

Ui(v) =U(v,2), Us(v)=U(v,5/2) . (91)

We evaluate the individual terms of in [Appendix D.1] which are given by (D.§), (D.17),

(D.20), (D.27), (D.33), (D.37), and (D.40). Plugging in these computations in , we can
compute U; using , which gives the expected teleportation fidelity in the ER case via .

Note that we can obtain U; in the same way. For Us described in , the calculable expressions
of the individual terms are given in (D.47), (D.53)), (D.61), (D.65), (D.69), (D.73)), and (D.78]
in [Appendix D.2| Having obtained Us; and Us, we can compute the expected fidelity in the QR

case via . The analytical expressions derived in this section help us analyse the behaviour
of the performance metrics as functions of the hardware parameters without running extensive
simulations, which we take up in the next section.

6. Evaluations

In this section, we specify exact empirical requirements corresponding to for the
network from Fig. [T} when the baseline and optimistic parameters are set according to Tab.[3] As
already mentioned, the questions involve the performance metrics teleportation rate and
fidelity, which we derive analytically. This lets us answer the questions without having to run ex-
tensive simulations. In the following, we present our findings for teleportation in the MN and the
IN separately. We also provide empirical validation of our analytical results for the performance

metrics before we delve into [Q1HQ4
6.1. Teleportation in a Metropolitan Network

Recall that in[QI] we investigate the hardware requirements for teleportation in an MN of Fig. [I]
Here, the end nodes are separated by 50km. The key hardware parameters that influence the
performance metrics, i.e., the expected teleportation fidelity and rate, are the base efficiency p°

memory coherence time t.,,, and metropolitan link fidelity f,,. We explain in [Appendix A.3|

that the teleportation fidelity in the ER case is deterministic while the rate equals that of the
QR case. Thus, we compare the analytically derived expected teleportation fidelity and rate with
their empirical values only in the QR case. The empirical values are obtained by simulating [101]
in NetSquid, and we present the comparison in Fig.

To simulate average fidelities, we fix the memory coherence time ¢}, and the metropolitan link
fidelity fn at their baseline and optimistic values, i.e. (62ms,4s), and (0.88,0.95), respectively,
while we let the base efficiency p% vary between 10™* and 1. We keep tep =175 ms, following the
supplementary material of [16]. For each observation point, we run the experiment for 100 batches
with each batch comprising 100 independent runs. Each batch produces a single observation for
the average teleportation fidelity. We also compute the 5th and the 95th percentiles of the (batch)
average fidelities. Further, the analytical values of the expected teleportation fidelity are derived
using . We observe close agreement between the analytical and simulation results in Fig. .
Since the teleportation rate only depends on the base efficiency p? , we calculate the simulated
rate for each batch as a function of p°. The number of batches and runs per batch remains the
same as in Fig. . Further, the analytical value of the rate is derived using . We observe in
Fig. [3b| that the analytical and simulation results are consistent in this case as well.

We now address|Q1], i.e., identify the hardware requirements necessary to attain teleportation
in the MN with the target teleportation fidelity fiarget- As mentioned, the baseline hardware



29

—— teonh =62ms, f,y=0.88

)

N
0
o

foy
é 0.9f — teoh =62ms, fry =0.95 =
< —— teonh=4s, fn=0.88 n 200
2 (O]
= tcon =4s, fry=0.95 S
£ ©
5 150
a S
o -
g’ £100
5}
©
g E- 50
@ @
o 2
0.5 : 0 |
-4 -3 -2 -1 0 -4 -3 -2 1 0
logo(pm) log10(pg,)
(a) Expected teleportation fidelity (b) Teleportation rate

Figure 3: Comparison of analytical (lines) and simulation results (dots) for qubit-ready
teleportation in an MN. The mean, along with the 5th and 95th percentiles of the performance
metrics, is shown as a function of the base efficiency p° . (a) The expected teleportation fidelity is
evaluated for both baseline and optimistic values of memory coherence time t.,, and metropolitan
link fidelity f,, while (b) the teleportation rate depends solely on p? . Simulation results closely
match the analytical values.

parameter values are set as per Tab. 3] Since the hardware parameter space is three-dimensional,
we plot the surface corresponding to the minimum required link fidelity f, among the parameter
space that achieves the target fidelity of teleportation. Recall that the surface /~\1Ef (resp. A?f)
in the ER (resp. QR) case is given by (resp. (30)), while the region above this surface
corresponds to the desired parameter space AP (resp. A?f) as defined in (25) (resp. (129)).

We plot the surface A]ff in Fig. 4a| and its colour represents the rate of teleportation RFR as
defined in . As expected, the rate only depends on the base efficiency p¥ . We also observe
that the baseline values of the parameters (p2, teon, fu) denoted by B :(5.95 x 107*, 62 ms, 0.88)
lie above the surface, which implies that we can already achieve teleportation in the MN with
target fidelity based on state-of-the-art hardware. Specifically, the baseline yields an expected
teleportation fidelity of 0.92 and a corresponding teleportation rate of 0.14s7!.

We show the surface A?f‘ in Fig. where the colour of the surface corresponds to the
teleportation rate R?R. In contrast with Fig. , the baseline (B) in this case lies below the surface,
indicating that the current hardware capabilities are insufficient to meet the target for expected
teleportation fidelity. Thus, we aim to numerically calculate an optimal point in the set A?*R,
defined in . Recall that the optimal points refer to hardware parameter configurations which
achieve the target fidelity and are easiest to achieve from the baseline values in terms of the cost
function ¢ from . For the numerical optimisation, we employ a global optimisation heuristic
from [88|. To improve its performance, we run the optimiser 50 times and select the solution with
the lowest hardware cost among all runs. The resulting optimal point O:(1.43 x 1072, 196 ms, 0.88)
is shown in Fig. , which yields the target expected teleportation fidelity 2/3 at a rate of 3.36s71.

6.2. Teleportation in Intercity Network

As discussed in [Q2HQ4] we investigate the requirements for teleportation in an IN of Fig. [I]
Specifically, the scenario involves teleporting a data qubit across 500 km between two nodes located
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Figure 4: Requirements to achieve the target teleportation fidelity of 2/3 in an MN. The
surfaces represent the minimum required metro link fidelity f.s as a function of p¥ and ..
for (a) entanglement-ready and (b) qubit-ready teleportation. The colour of the surface shows
the corresponding teleportation rate. The baseline (denoted B) in (a) already achieves the
target fidelity of teleportation, while an optimal (denoted O) parameter configuration subject
to hardware cost c is shown in (b). The (p°,tcon, fur) coordinates of the points in (b) are B:
(5.95 x 107%,62ms, 0.88) and O: (1.43 x 1072, 196 ms, 0.88).

in separate MNs. Here, each end node is located 25km from its respective metropolitan hubs,
and the hubs are connected by a 450 km backbone. The key hardware parameters influencing
the teleportation fidelity and rate include the metropolitan base efficiency p? , memory coherence
time t.., metropolitan link fidelity f,,, entanglement-generation probability in backbone p,, and
backbone fidelity f;,. The non-hardware parameter cut-off time (¢.,) plays a role in shaping the
performance metrics as well. As in Sec. [6.1], we rely on analytical expressions for the teleportation
rate and expected fidelity derived in [Appendix C| and [Appendix D] to answer as it
obviates the need to run extensive simulations. We also provide a comparison of the analytical

values of the performance metrics with corresponding empirical estimates from NetSquid-based
simulations to show their accuracy.

To simulate average fidelities and rate, we fix the base efficiency p® and the backbone
entanglement-generation probability py at their baseline and optimistic values, i.e., (5.95 X
1074,1.43 x 1072) and (1.51 x 1075,4.18 x 1073), respectively, while we vary the cut-off time
tcon between 0.04s and 4s. Note that the other parameters, namely, the memory coherence time
teon, metropolitan link fidelity f,,, and backbone link fidelity fi,, are kept at their optimistic
values, i.e., 4s, 0.95, and 0.9, respectively. Similar to Sec. [6.1], we derive empirical estimates
of average teleportation fidelity and rate by running simulations for 100 batches, each batch
consisting of 100 independent runs. Each batch yields an estimate of the average fidelity and rate,
and we subsequently derive the mean and the 5th and 95th percentiles of the batch averages. We
compare the analytical values of the expected teleportation fidelity with their empirical estimates
in the entanglement-ready (ER) and qubit-ready (QR) cases in Fig. [paland Fig. respectively.
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Figure 5: Comparison of analytical (lines) and simulation results (dots) for the expected
teleportation fidelity as a function of cut-off time t., for (a) entanglement-ready and (b) qubit-
ready teleportation. Each simulation point corresponds to the mean fidelity of batch average
values, with error bars denoting the 5th and 95th percentiles across batch averages. The
entanglement generation probabilities p? , and py, are set at their baseline (]_92l =5.95 x 1074, =
1.51x107%) and optimistic values (p%, =1.43x1072, p, =4.18x1073), as indicated in the legend. All
remaining parameters are fixed at their respective optimistic values, i.e., f,,=0.95, foon =45, and
f1,=0.90. The analytical expected teleportation fidelity matches closely with the empirical mean.

Since the rate of teleportation is the same for both cases, we do not make any distinction.
The corresponding comparison is shown in Fig. [f] The close agreement between analytical and
simulation results in Fig. 5] and [6] demonstrates the accuracy of our analytical results.

In the ER case (Fig. , the expected fidelity decreases monotonically with increasing cut-
off time. This occurs because longer cut-off times allow noisier elementary links to contribute,
degrading the overall end-to-end fidelity. In contrast, the QR case (Fig. exhibits a non-
monotonic behaviour with respect to the cut-off time t¢.,. Here, short cut-off times result in
frequent link discards, leading to prolonged end-to-end link generation times and causing increased
decoherence for the data qubit. Although this yields high fidelity for the end-to-end link, the
overall teleportation fidelity suffers due to data qubit degradation. For higher cut-off times, the
waiting time decreases on average but we allow elementary links with lower fidelity to form the end-
to-end link. This naturally leads to the formation of low fidelity end-to-end link and, subsequently,
low teleportation fidelity. In contrast, observe from Fig. [6]that the teleportation rate, which is the
inverse of the expected end-to-end link generation time, always increases with .., as expected.

Recall that in [Q2] we aim to find the minimal metropolitan hardware requirements needed
to reach fiaget While the backbone parameters are fixed at their optimistic values: p, =
4.18 x 1073, f, = 0.90; see Tab. In Fig. , we identify the surface AE}:‘ given by
representing the minimum required metropolitan link fidelity f,, among the metropolitan hardware
parameter space that achieves the target teleportation fidelity in the ER case. The region above
this surface corresponds to the desired parameter space Ag}} defined in (B.5)). The colour of the
surface AST in Fig. [7al represents the maximum achievable teleportation rate RE® defined in (B.9).
We observe that for a fixed coherence time t ., the required link fidelity f,, does not change much
with varying base efficiency p® . Moreover, for t.,, <0.02s, the required f, increases sharply and
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Figure 6: Comparison of analytical (lines) and simulation results (dots) for the teleportation rate
as a function of cut-off time ... Each simulation point represents the mean of rates computed
across batches, and error bars indicate the Hth and 95th percentiles of batch averages. The
entanglement generation probabilities p?, and py, are set at their baseline ( =5.95 x 1074,
p, =151 x 107°) and optimistic values (py, =1.43 x 1072, p, =4.18 x 107?), as S indicated in the
legend. The coherence time t.., is fixed at its optimistic value 4s. The strong agreement between
simulation results and analytical predictions confirms the validity of the analytical model.

eventually renders the target fidelity unachievable. Moreover, since we vary the cut-off time %,
in the range given by , the rate is implicitly influenced by t., via tey. As a result, for a fixed
p? | increasing t. allows for longer cut-off times, leading to higher rates. Also, as expected, the
rate increases monotonically with increasing p° . This is more prominent for higher values of ¢
and p?, in the plot. A crucial observation from Fig. [7a|is that the baseline value of the parameters
B: (5.95 x 107%,62ms, 0.88) (shown in white) lies above the surface AY®, indicating that we can
already achieve ER teleportation in the IN under state-of-the-art metropolitan hardware and
optimistic backbone parameter estimates. The corresponding maximum rate achievable under
this configuration is 4.00 x 10~%s71, associated with an expected fidelity 2/3.

We plot the analogous surface A;’f‘ in the QR scenario in Fig. . Here, the baseline point B
(shown in white) falls below the surface A%R, indicating that the current hardware cannot achieve
the fidelity threshold fiarget. Thus, we perform numerical optimisation over the parameter space
to identify an optimal point in the set A%R defined in . Similar to Sec. , we run the
optimiser 50 times and select the solution with the lowest hardware cost among all runs. The
resulting optimal point O: (1.40 x 1072, 1095 ms, 0.94) is shown in yellow in Fig. which yields
the target fidelity at a rate of 1.32s71

We now address [Q3] where we fix the metropolitan parameters at their respective optimistic
values p°, = 1.43 x 1072, Toon =45, f,, =0.95 (see Tab. 3) and identify the backbone requirements
necessary to achieve target teleportation fidelity. Since the relevant hardware parameter space for
the backbone is two-dimensional, comprising the entanglement-generation probability p,, and link
fidelity f;,, we plot the desired parameter space AJY (resp. A:?f) described in (B.15) (resp. (B.19))
that achieves the target expected teleportation fidelity in the ER (resp. QR) case. The colour of
the space AER in Flg . represents the corresponding maximum achievable teleportation rate R
defined in . The contour lines indicate the parameter combinations that yield equal rates
in units of s_l. For a fixed py,, lower values of f;, require shorter cut-off times to meet the target
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Figure 7: Requirements to achieve the target teleportation fidelity of 2/3 in an IN with the
backbone parameters fixed at optimistic values: p, =4.18 x 10_377]0 =0.9. The surface represents
the minimum required link fidelity f,, as a function of the base efficiency p® and the memory
coherence time ., for (a) entanglement-ready and (b) qubit-ready teleportation. The colour of
the surface encodes the maximum achievable teleportation rate, subject to meeting the target
teleportation fidelity. The baseline (denoted B) in (a) already achieves the target teleportation
fidelity, while an optimal (denoted O) parameter configuration subject to minimising the hardware
cost ¢ is shown in (b). The (p® , tcon, fm) coordinates of the points are B:(5.95 x 107, 62 ms, 0.88),
and O: (1.40 x 1072, 1095 ms, 0.94).

expected fidelity, which in turn reduces the teleportation rate. As fj, increases, the configuration
achieves the target teleportation fidelity with a much higher cut-off, leading to a higher rate.
However, beyond a certain threshold, further increasing f;, offers no additional benefit, as the
rate becomes limited by p, within the allowed range of cut-off time given in . This effect is
reflected in the shape of the contour lines: they are curved at low f;, and tend to become vertical
as fi, increases. Furthermore, we observe that the baseline value of the backbone parameters
(pv, fo), denoted by B: (1.51 x 107%,0.60) lies within the A%, indicating that this configuration
achieves the target fidelity of teleportation. The baseline yields a maximum teleportation rate
6.16 x 107* ™! with an expected teleportation fidelity of fiarget-

For the QR case, we plot the desired space A3QJ1:” defined in in Fig. The colour of the
space represents the maximum achievable rate R?R defined in (B.21]). In contrast to the ER case,
the baseline parameter value falls outside the desired region, indicating the need for improved
hardware. Thus, we numerically optimise over the backbone parameter space to identify an
optimal point in the set of minimal hardware requirements A%R enabling teleportation with the
target fidelity as defined in . Using a similar optimisation procedure as before, our optimiser
produces the optimal point O: (2.73 x 1073,0.64) shown in yellow in Fig. The optimal point
achieves an expected teleportation fidelity of fiarget With a maximum achievable rate of 0.92 s

Finally, in we aim to determine the minimal hardware improvements over the baseline
values of both metropolitan and backbone parameters necessary to reach the target teleportation
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Figure 8: Requirements to achieve the target teleportation fidelity of 2/3 in an IN where the
metropolitan parameters are fixed at their respective optimistic values p =1.43 x 1072, f.,, =4s,
fim=0.95. The coloured region represents the desired parameter space AER (a) and A3Qf (b) in
the entanglement-ready and qubit-ready case, respectively. The colour encodes the maximum
achievable teleportation rate RER (a) and R$™ (b) subject to meeting the fidelity threshold. The
baseline (denoted B) in (a) already achieves the target teleportation fidelity, while the optimal
(denoted O) parameter configuration subject to hardware cost ¢ is shown in (b). The (py, fp)
coordinates of the points are B: (1.51 x 107%,0.60) and O: (2.73 x 1073,0.64). The contour lines
indicate parameter combinations that yield equal rates.

fidelity. In this setting, all five hardware parameters, namely the metropolitan base efficiency
p? . memory coherence time .., metropolitan link fidelity fi,, backbone entanglement-generation
probability py,, and backbone link fidelity f;, are allowed to vary, in addition to the non-hardware
parameter, cut-off time t.,. Using the baseline values for these parameters, the maximum
achievable expected teleportation fidelities are 0.61 in the ER case and 0.50 in the QR case,
both below the target threshold. This indicates that hardware improvements are necessary in
both scenarios. Due to the high dimensionality of the parameter space, we do not visualise
the full desired space and optimisation landscape. Instead, we numerically identify an optimal
parameter configuration in the optimal set AR for the ER case and in AfﬁkR in the QR case;
see (B.24) and , respectively, for the definition of the optimal set. Similar to Sec. we
conduct 50 independent optimisation runs and select the output corresponding to the minimum
hardware cost. For the ER case, the (p°,tcon, fum; Db, f) coordinates of the resulting optimal
point is (6.45 x 1074, 64 ms, 0.89, 1.57 x 107%,0.67), which achieves the expected teleportation
fidelity 2/3 with a corresponding rate 2.58 x 107?s7'. Note that the backbone link fidelity
fv stands out as the dominant bottleneck, while improvements in the other parameters remain
modest. In the QR case, the coordinates of the corresponding optimal point are given by
(1.41 x 10721128 ms, 0.95,4.16 x 1073,0.87), which achieve the target expected fidelity 2/3 with

corresponding rate 1.24s7!.

As expected, the improvements are significantly more demanding
than in the ER case, with the coherence time .., requiring the most substantial enhancement.
In Fig.[9] we show the improvement factors corresponding to the optimal hardware parameter
values, with corresponding legends indicating ER or QR cases of relevant questions. The length of
each bar is normalised relative to the improvement factor associated with the optimistic value of

the corresponding parameter, which is shown in solid black. Annotations next to the bars indicate
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Figure 9: Required improvements for individual hardware parameters for enabling teleportation
with target fidelity for [QIHQ4]l Improvement factors quantify the extent to which a given
parameter must be enhanced relative to its baseline value to meet the fidelity threshold. A
factor of 1 indicates no required improvement, while larger values reflect increasingly stringent
requirements. The length of each bar represents the improvement factor corresponding to
enhancing a parameter, and is normalised relative to the corresponding optimistic values shown
in black. Annotations beside the bars indicate the actual improvement factor for the relevant
question. Here f) refers to fus for Q1-QR while for all other cases, f(.) corresponds to f,. We
represent them together as they share the same baseline and the same optimistic values. Note
that not all hardware parameters are relevant for every question considered.

the actual improvement factors determined by the optimisation procedure. Recall from
that the baseline value of a parameter corresponds to the improvement factor of 1. Along the
vertical axis, we represent different hardware parameters. Here f() refers to f, for Q1-QR, and
fm elsewhere. We represented f,/ and f,, together, as they share the same baseline and the
same optimistic values. Note that across all instances of QR teleportation, the optimal value of
the metropolitan base efficiency p? reaches its optimistic value due to the fact that the room
for improvement for p? in terms of IF is low compared to other parameters. In Q1-QR, for
instance, metropolitan link fidelity f, remains near its baseline value, i.e. corresponding to an
improvement factor of 1, indicating that enhancing p® and ¢, is relatively more beneficial from
a cost-performance perspective. In contrast, for more demanding scenarios such as Q2-QR and
Q4-QR, fu, is increased close to its optimistic value while ¢.., is moderately improved, suggesting
its effectiveness over t.,, from the perspective of cost-performance trade-off under these scenarios.
Regarding the backbone parameters, optimisation in Q3-QR returns a substantial improvement
in its entanglement-generation probability p,, compared to the corresponding link fidelity fy,
reflecting the advantage of the former in terms of cost-performance trade-off. Further, in Q4-ER,
all parameters require only modest improvements from their baselines, except for f,,, which stands
out as the key bottleneck. In contrast, Q4-QR demands near-optimistic improvements across all
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parameters, except for t.,, and fi,, with moderate improvement in f;,, indicating that enhancing
the remaining parameters is more efficient under the considered cost function.

7. Conclusion and Future Work

In this work, we present an analysis to identify the hardware requirements for enabling
quantum teleportation over metropolitan and intercity-scale distances. To this end, we derive
closed-form analytical expressions for the expected fidelities and rates of end-to-end entanglement
and teleported qubit as functions of relevant hardware parameters. Throughout, we adopt a sim-
ple yet realistic noise model that accounts for memory decoherence and a finite cut-off time for
entanglement generation rounds. Determining the minimal hardware requirements is formulated
as an optimisation problem over the parameters, with the analytical expressions enabling efficient
exploration of this parameter space without resorting to computationally intensive simulations.
Using this approach, we obtain the minimal parameter values required to achieve the target
teleportation fidelity of 2/3. We perform the analysis in a hardware-agnostic manner, in which
network performance is fully characterised by parameters describing elementary link generation
probabilities, entanglement fidelities, and memory coherence time.

While the analysis remains hardware-agnostic, we also provide a concrete case study based
on realistic parameter values from trapped-ion and ensemble-based memories. Within this frame-
work, we address four central questions: (i) the feasibility of teleportation over metropolitan-
scale distances with present-day hardware; (ii) the parameter improvements required within the
metropolitan network with fixed backbone performance; (iii) the parameter improvements re-
quired within the backbone with fixed metropolitan network performance; and (iv) the minimal
joint improvements necessary when both the metropolitan network and backbone operate near
state-of-the-art experimental performance to enable teleportation over intercity-scale distances.

Our results indicate that near-term advances in trapped-ion and ensemble-based platforms,
under optimistic parameter regimes, could enable quantum teleportation across metropolitan and
intercity distances. Achieving these optimistic parameters would require improvements in hard-
ware performance, which is feasible according to the current projections of hardware capabilities in
the near term. Collectively, these findings establish clear design principles for making experimental
progress: the elementary link generation probabilities in both metropolitan and backbone net-
works emerge as the most practical parameters to optimise, as the heuristic consistently favoured
their improvement and drove them to optimistic values when necessary. This behaviour arises
because the range of feasible improvements, from baseline to optimistic values, is smaller for the
link generation probability parameters compared to others. Furthermore, in scenarios (ii) and
(iii), entanglement-ready teleportation was feasible provided that at least one of the networks,
either metropolitan or backbone, is operating at the optimistic parameter regime. However, it
is important to emphasise that these optimistic estimates are obtained for individual parameters
and do not always account for potential interdependencies among them. For instance, repeated
photon generation attempts in trapped-ion systems can induce additional decoherence, thereby
reducing the effective coherence time. Consequently, achieving all optimistic parameters simul-
taneously within a single device or experiment poses a significant challenge, and such analysis
is left as future work. Also, building on this work, one can further investigate the performance
of longer repeater chains, identify hardware requirements for more involved applications such
as blind quantum computation, and determine the conditions for simultaneously meeting target
thresholds for teleportation rate and fidelity by appropriately modifying the cost function.
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datasets supporting the findings of this study are openly available at https://doi.org/10.
4121/6b7d42d3-ff78-4d64-bc9a-449480cc8550.
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Appendix A. Derivation of Teleportation Rate and Expected Fidelity in the
Metropolitan Network

In our model, teleportation in an MN proceeds by first generating entanglement between two
end nodes in the same MN via HEG, followed by the teleportation step. We characterise the net-
work by the expected entanglement fidelity, corresponding rate, and the memory coherence time
of the end nodes. The teleportation rate is a function of the entanglement-generation probability
between end nodes at zero separation, i.e., the base efficiency, and for the base and optimistic
values, we use experimental and projected values, respectively, from trapped-ion platforms. In

Sec. [Appendix A.I, we derive the dependence of the base efficiency on experimentally relevant
parameters. Next, we derive the expressions for the teleportation rate and fidelity in
[A.2] and [Appendix A.3| respectively. Note that we do not model the entanglement fidelity as a

function of the experimental parameters but rather use the corresponding baseline value as the
one obtained in state-of-the-art experiments [14]. We apply the same for the coherence time which
we model as a decoherence channel.

Appendiz A.1. Relating Metropolitan Entanglement-Generation Probability to Trapped-Ion
Ezxperiments

In this section, we provide a detailed explanation of the hardware parameters and entanglement
generation between remote nodes using trapped-ion devices |14H17]. Note that, in this work,
we model the entanglement generation and teleportation scheme under the assumptions [ATHA9]
The purpose of this is to provide a simple and general model for a platform-agnostic setup. The
parameters required to obtain the form of the entanglement-generation probability are

e Efficiency for collecting a photon emitted from the ion (7,): The probability of
successfully collecting a photon emitted from the ion upon excitation, into the fibre, excluding
fibre transmission losses. If you push a button to get the photon out, this is the probability
that it comes out. This includes every loss except detector and fibre transmission losses.

e Detection efficiency for photons at ion frequency (niloelz'freq): The efficiency of detectors

optimised for the natural emission frequency of Ca™ ions.

e Frequency conversion efficiency, ion to telecom (npc): The fraction of photons
successfully converted from the Ca' emission frequency to telecom frequency, including
additional losses in fibre.

telecom

e Detector efficiency at telecom frequency (nc°™): The probability of detecting a
photon incident on the detector, without any other inefficiencies being included here.

e Efficiency of using a ‘truncated detection window’ (7penaity): In the two-click scheme
experiment, a wider detection window allows for more photons but may include more noise,
while a narrower window improves fidelity but reduces the detection rate. Hence, selecting
a narrow coincidence window helps improve ion-ion entanglement fidelity, reducing the total
success probability of the protocol.

e Average preparation time between shots (2°P): The average time required for
sequential photon generation via laser excitation, including experimental cycle delays such
as initialisation, cooling, optical pumping, etc.

Recall from (|5)) that since two end nodes in a metropolitan network are separated by a distance
2d! with the hub being at the midpoint (see Fig. , the average time per entanglement generation
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attempt is given by t,, =tPrP 42t where <85 =d,, /c and c is the speed of light in fibre.
Recall from that in our model, we adopt the sequential double-click HEG protocol [81]
Note that we consider a simple model with parameters explained above and do not consider other
factors such as imperfect indistinguishability, non-photon-number-resolving detectors, detector
dark counts [39], etc. First, both end nodes, here trapped-ion devices, generate matter-photon
entanglement and send the photon towards the central hub. The photons emitted by the ions with
efficiency n;,, are frequency converted to telecom frequency with an efficiency ngc. Node-to-node
entanglement is heralded by the BSM at the hub. Specifically, this corresponds to the detection of
telecom

two photons after interference, with a detection efficiency 7 ™. Thus, using detectors optimised
for telecom frequencies and using a truncated detection window, the base efficiency p° is given by

1 m 2
p?n = 2 Mpenalty (ﬁion Nrc Uéilteco ) : (A1)

Substituting the parameter values from Tab. into yields the baseline and optimistic
values of p? as 5.95 x 107* and 1.43 x 1072, respectively. Consequently, recall from (4 that the
entanglement-generation probability when the two nodes are separated by a distance 2d,, (km)
is given by

020 /10

m

P = Pyl
Next, we derive the teleportation rate and expected fidelity for entanglement-ready and qubit-
ready modes of teleportation in a metropolitan network.

Table A1l: Baseline and optimistic parameter values from trapped-ion experiments. The optimistic
parameter values represent projected technological advancements anticipated within the next 5-10
years, based on current development trajectories and experimental progress rates, and obtained
in consultation with experimental physicists at the University of Innsbruck. The value for
Thpenalty = 0.12 is obtained from [14] by accepting 3.5 clicks per minute with a truncated detection
window, instead of 0.49 clicks per second with an almost-whole detection window. We set both
the baseline and optimistic value of tP**P to be 175 us, following the supplementary material of [16].

Parameter Baseline value Optimistic value

Tion 0.462/0.87 [18]  0.5/0.87 [93]
o tred 0.87 [18] 0.87 93]
e 0.25 [15] 0.70 [93]
Mpenalty 0.12 [14] 0.20 [93]
nigeeom 0.75 [17] 0.94 [93]
tprep 175 us 193] 175 us 193]

Appendiz A.2. Teleportation Rate in the Metropolitan Network

In our model, the rate at which a qubit can be teleported between end nodes in an MN
is determined by the time required to establish end-to-end entanglement and subsequent
teleportation time. Due to [A9] the teleportation time includes the transmission time of the
Pauli correction message from the sender node to the receiver, given by ¢85, Further, let the
random variable X, represent the time to establish a node-to-node entanglement successfully.
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Since we assume that data qubit preparation is instantaneous (see [A9)), the total time required
in both ER and QR teleportation is given by <85 + X ,. Thus, the teleportation rate in both

cases is given by
1 1
R, = = : A2
]E(tclass +Xm’) tclass _HE(Xm’) ( )
Let M’ be the number of attempts to create an entangled pair in the MN and M’ ~ Geo(pu) [6]
such that X, =t M'. Hence, we have
1

R =
241555 1 (£ M)

—~

i) 1 P
= , A3
2t$rllass+tm,/pm/ 2pm,tfrllass+tm, ( )
where in (i), we used E(M')=1/pyy, for geometric distribution. Since the heralded entanglement
generation process and hardware parameter values are related to trapped-ion experiments [14-17|,
the derivation of the entanglement-generation probability p, is given in [Appendix A.1] and the
state-of-the-art and optimistic values are presented in Tab. [AT]

Appendiz A.3. Expected Teleportation Fidelity in the Metropolitan Network

In the ER teleportation, we teleport a pure state once we have successfully prepared an entangled
link with fidelity f., or corresponding Werner parameter wy, = (4 fm—1)/3. Observe that in the
ER case, the link fidelity is deterministic. Thus, using , the expected teleportation fidelity
is given by
1+ wy et /teon
2

For the QR case, the data qubit is initially prepared at the sender node and stored in memory;,
where it undergoes decoherence until an entangled link is established in the network. This waiting
time for one teleportation round is given by X, =t,»M’, where M’ is the number of entanglement
generation attempts until success. Thus, from , we obtain the expected fidelity in QR
teleportation as

E(FEM) = FER = (A.4)

1 m _Xm’ /tcoh _tfrllass/tcoh
E(FOR) = E< 1 W€ > ¢ ) (A.5)
1 1 7tdass/tcoh —t /Ml/tcoh
=3 + JWwe E(e™'m ) (A.6)
1 1 _tclass p /
— — m /tco m
=5 + 5 Ware hetm//tcoh s (A.7)

Appendix B. Reformulation of (Q2HQ4

Recall that in |(Q2HQ4] we consider teleportation across nodes in an IN, e.g., between nodes
Py and P; in Fig. [T} To identify the desired parameter space for the backbone, we introduce the
following shorthands for the relevant hardware parameters and the parameter space:

—

X = (D0 teos )+ Ay = (D teons fn) o A = (0 teons f )+ Am o= (P Feohs J) » - (B.1)
A = [0 P] ¢ [teons Feon] X [fins Fonds Ao i= (12, PO) X oo Feon) X [f o Tl s (B2)
N = (00 fo)s Xy i= (o fo)s Kyi= (50,0 Mo i= (B T, (B.3)
Ab = [po, Bo] X [for fol s Abpase = [p,: Bl X [f, Fol - (B.4)
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Given that we have two sets of parameters for the MN (Xm) and the backbone (Xb), inves-
tigate the minimal hardware improvement necessary in the following sense. We fix parameters of
one segment (e.g., Xb) to its optimistic values and vary the other (e.g., Xm) along with the cut-off
time to determine whether we can achieveqthe target pgrformance. If this condition is satisfied
in both cases, i.e., by fixing either Xm = A\, O Xb = )\, and without exceeding the respective
optimistic bounds subsequently, then this indicates that near-term experimental realisation is
feasible using the considered hardware platforms. Furthermore, this approach provides a lower
bound on the minimal improvements required for each segment. Conversely, if the target cannot

be achieved under these constraints, alternative hardware platforms would be required to support
intercity teleportation with the desired fidelity. We first reformulate [Q2HQ3| below.

Appendiz B.1. Reformulation of[@Q2

In [Q2] we investigate the achievable performance of intercity teleportation while keeping the
backbone hardware parameters fixed at their optimistic values Ap. Thus, for the ER teleportation
in the IN, we obtain the desired hardware parameter space, the surface for visualisation, and the
set of optimal points (if the baseline does not belong to the desired parameter space), respectively,

as follows
AE_E = {Xm S Ami . meajz( ]E(FE?(Xmaib ’ tcut)) Z ftarget} ) (B5)
.7\55 = {(P°,, teon, fum) € AEE: S = min 2}, (B.6)

(pgx steohs?) GAQEBv teut €Tcut

AIQEB: {Xm S Am,base: C((Xm,Xb), (mexb)v FER ‘ tcut)

int

_ min (X X0)s (s ), FER | ¢ )} . (BT

X eA y T int cut
m€ m,base) cute cut)

For each set of points on the surface ]\Ef, we define the set of cut-off times that achieves the

fidelity threshold as
TQER(Xm) - {tcut € Tcut: E(FER(Xmaxb | tcut)) Z ftarget} . (B8)

int
Since the teleportation rate is a non-decreasing function of the cut-off time, we define the rate for
Am € ASR as the best achievable rate when tey € 75 (Am):

RER(Xn) = Rint (P2 teon, By | max(TER(X,0))) (B.9)

where Ry, denotes the teleportation rate in the IN as mentioned in Tab. [2]
Similarly, for QR teleportation, the required sets are given as

AZ = (R € At max E(F (X X | ) > frasget} (B.10)
t::ute cut
]\(2%15 = {(p?natcohufm) S A(QQE m — min Z} s (Bll)

R
(p9n steoh 72) €A§+ s teut €Tcut

A%R:: {Xm c Am,base: C(<vaxb)7 (Xnuxb)? F(r%tR ‘ tCUt)

1

_ min (N X0, s Aw), FOR | tf:ut)} . (B12)

X €A t! +€Tcut) e
m m,bases leut cut
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Further, the best achievable teleportation rate for Am € A;Qf is given by
R (X)) = Ring (9%, teon, By | max(T5™ (X)), where (B.13)
TR (X) = {tew € Tews? B(EZ Kons My | Feun) > Frarger} (B.14)

int

Appendiz B.2. Reformulation of[Q3

In contrast with |Q2| we fix the metropolitan parameters at their optimistic values A, in |Q3| In

this setting, we aim to identify the desired parameter space and, if necessary, the set of optimal
hardware parameters for the backbone to achieve the target fidelity of intercity teleportation. We
characterise these sets for ER teleportation, respectively, as follows

AP = { X € Ap: max E(FER (A X | ) > Frarser} - (B.15)

int
cut €l cut

AE*R {)\b € Ab ,base - C(()\maxb>7 (Xmazb) FER | tcut)

int
= min (M), QA FER [ 4,) . (B.16)
AL EADL bases by ETcut
Since the parameter space of interest Ay, is already two-dimensional, we do not plot the surface
showing the minimum required backbone fidelity. Also, for X, € AER 5., the maximum teleportation
rate is given by

RER(X) := Rint (P2, Feons P | max(TER(Xy))) , where (B.17)
TR 1= {few € Tou: E(FER (s o | eut)) 2 frongn) (B.18)

Further, for the QR case, the corresponding sets are respectively given by
R O o ra O A L) e (B.19)

Ag*R = {Xb S Ab,base: C((/\ma Xb)a (Xma zb)y E?tR ’ tcut)

. = — = - R

= N min C((AHU Alb)’ (AHDAb)? 1§t | tcut) } (BQO)
)‘{)eAb,base’ tlcut eT’Cut

For )\b € A3 ‘t, the maximum teleportation rate is given by

RI®(N) = Rin (P2, Teon, o | max(T(Xy))) , where (B.21)
TQR( b) — {tcut S Tcut E(FER(/\ma Xb ‘ tcut)) Z ftarget} . (B22)

int

Appendiz B.3. Reformulation of [Q4]

In and [Q3] we assess whether teleportation is feasible in the IN by fixing the hardware
parameter values of each segment (metropolitan or backbone) at their respective optimistic
values. If feasibility is established, we proceed to [Q4] which focuses on identifying the minimal
hardware improvements necessary over the baseline values of both segments to achieve the target
teleportation fidelity. The desired space, optimal configurations enabling ER teleportation, and
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the corresponding rate in this case are, respectively, given by

AP = {(Nas M) € A x Ayt max E(FER (X, A | o)) = frarget} (B.23)
A4EF: {(Xm, Xb) S Am,base X Ab,base: C((Xmu Xb)? (Xm?zb)7 EEtR ‘ tCUt)
- min (R X0), (R X0), FER | )} (B24)

)‘;nEAm,basev /\{)eAb,basev tlcut €Tcut

For (Xm, Xb) € A}, we further define the maximum achievable teleportation rate as

RER (X, Xp) := Ring (P teon, Py | max (TfR(Xm, Xb))) , where (B.25)
TR (R, K0) = ot € T E(FEE (R By | o) > g} (B.26)

For QR teleportation, these required sets are given by
AT = (R, X) € A x Ay tgi?eaﬁme(E?F(Xm’Xb [ tewe)) = frarget} (B.27)

A?*R = {(Xma Xb) S Am,base X Ab,base: C((Xma Xb); (erzb), E(I?tR | tcut)
= min C((X;na Xg;% (ergb)’ EStR | t,cut)} ) (B.28)
X;n eAm,base» X{)EAb,base: téut ETcut

and the maximum allowed rate for a representative point from the optimisation algorithm,
(A, Ap) € AR is given by

RfR(Xm, Xb) = Rint (p?n, teon, Pb | Max (TfR(Xm, Xb))) , where (B.29)
T§R<Xm7 Xb) = {tcut € Tcut: E(RE?(/_\)ma Xb | tcut)) Z ftarget} . (BSO)
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Appendix C. Calculation of Individual Terms in the Expression of Teleportation
Rate in the Intercity Network

In this appendix, we calculate the individual terms of (42)) in the expression of teleportation
rate given by . Specifically, we calculate the terms deﬁned in . ) and (| .
Appendiz C.1. Calculation of Individual Terms

To calculate the individual expectations in , we use the ranges of M, M,, and my from
Tab. ] We also introduce the following shorthand for z,y,s € [0,1), z € NU {oc}, ¢,7 € Q, and
a,0,k € R:

O.(z,y,q,a,l,u) == ‘ixiy”qo‘1 , He(z,y,q,a,l,u) = ixiy“q‘” : (C.1)
Hee(z,y,q, 0, 0,1, u) Zx’ lig=altlia=ol 17 (2,y,q,a,0,1,u) : le lig=altlia=e] = (C.2)
Usf(z,y,q,0,0,0,u) : sz lig=al+lig=o] (C.3)

O.x,y,q,a,l,u) : Zm’ym al Of(z,y,q,a,lu) - Zmly“q ol (C4)

@cc<x Y, 4, &, O,Z,U szlth al+lie=l @cf<x Y, q, U,Z,U szlth altlia= UJ (05)

u

Os(w,y,q, ,0,1,u) =Y |ig—a atylia-eltliaol (C.6)
=l

L(x,y, s, a,lu) =Y aylagioel (C.7)

u Kid

Az, y,s,r K, q,lu): Zx Z Y sl (C.8)

j=[ir—k]
For u = oo, the infinite sums admit the following closed-form expressions:
Hc<x7 Y,q,Q, lv l+Z* - 1)

e(z,y,q,a,1,00) = 1= (g™ , (C.9)
(2,9, q,a,l,00) = Hf(as,yl,z, (O;?j;éjzz*_l) : (C.10)
ez, y,q,a,0,1,00) = HCC(x’yl’q_’o(;Z;i;ijz*_l) : (C.11)
(2, Y, q, @, 0,1, 00) = Hcf(x’yl’c‘f(z‘;g;j;jfz*_w , (C.12)
My(2,y, 4, 0,0,1,00) = Hff(w’yl’cfz’c;;;)’ffz*_l) : (C.13)
O(2,y, 4, 0,1, 00) — Os(z,y,q,a, L, 14+2*—=1)  2*(xy?)* sz, y,q, 0,1, 1+2*—1) (C15)

1= @ (1= (ay7)")? |
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@cc(xa Y, q,@, 0, la [+2~ _1) Z*<l‘y2q)z*ﬂcc(aj‘, Y, 4, @, 0, l? Z+Z*_1)

(—)CC(x7 y7 Q7 a? 0-’ l? oo) =

1 — (zy?)” (1= (zy?)")? ’
(C.16)
Ocf(z,y, ¢,y 0,1 1+27—=1)  2*(xy?)* Iy (x, 2, q, 0, 0,1, [+2*—1)
@C ) Y ) ) ) l7 = * * )
(e loc) G (1~ (e
(C.17)
@ff<x7 Y, 4, ¢, 0, l> l+Z*_1) Z*Q(xy2q)z*nff($a Y,4,,0, L, [+2"— 1)
@ l - )
ff(x7 y? Q7 a’ 07 700) 1 _ (:Uy2q)z* (1 o (nyq)Z*)2
(C.18)
D(z,y,s,q,a,ll+2—1)
[(z,y,s,q,a,1,00) = T (egis)” (C.19)
Alx,y,s,r Kk, q, 1 1+Z—1)
A($7y7 S;ry K/) q7l7 ()O) - 1_($y7"37"q)2 9 (CQO)
with
2 =2%(q) :=min{z € N: zg € N} . (C.21)
z=2z(rq) = min{zEN:zr,zrqu} . (C.22)
For derivations, see [Appendix C.2l We also use the following identity in our calculations:
Z iz’ = = x)2 , forx#1. (C.23)
Now,
E(Z1,;)
= E((Xmax+tmsg) L s7) (C.24)
[e's} mi Lmltm/tbj
> > D (Mt ttsg) P(X1=matn) P(Xo =motu) P(X, =mipt,) (C.25)
mi1=[ty/tm| mo=max(1, mp=max(1,
[ma—teye/tm1) [(Matm—tiy)/to])
[ele} mi I_mltm/th
> > D (Mt tisg)Pn (1= D)™ ™" pea(1=pu) ™™ pr(1—pp) ™!
—— —— ——
mi1=[t,/tm| mo=max(1, mp=max(1, —gm gm —q
[m1—teu/tm]) [(Matm—tey)/to])
(C.26)
p2 pb 0 mi Lmltm/th
B <q12nqb> Z (M1t +imsg) g™ Z O’ Z @ " (C.27)
m mi1=[ty/tm| mo=max(1, mp=max(1,
> [ttt ]} [(71t—th ) 25])
() 1+Lti:ut/tmj mi Lmltm/th
=0 > (matmttms)ant > ant Y g
mlz[tb/tmw ma=1 mp=1
L(toFteu)/tm] mi [matm /]
2 (mtattaga D dn )@
ml:Q'H_t/cut/th m2= {ml_téut/tm—l mp=1
[e'e} mi Lmltm/tbj
+ Yoo (matwmtta)dn > @ >, @ b) (C.28)

mi=1+4[(tp+t,,;)/tm] mo=[m1—t_ . /tm] mp=[(Mm1tm—t,)/tn)]
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1+|.t::ut/tmj
_ 0 m1 mi+1 [mitm/tp]+1
e D (Mt +tsg) g (g — i) (0 —a )

mlz[tb/tm]

—_.7M
:
1
L(ts t/cut)/th

+ Z (mltm‘i_tmsg)qrrgl (qr{nmlitlcut/tm] q$1+1) (q qlgmltm/th+1)
?1:2"' [teue/tm]

J/

::Tl(i)
+ Z (mltm_'_tmsg)q;vnn(qr[nmlft’cut/tm] qm1+1><ql[(m1tm—t’cut)/tb] _qu)mﬂm/tijrl)
m1=1+[(tb+t(ue) /tm)]
(C.29)
5 5(q7L cut/tmj _ ) 0
— T(1)+T(2) + m qm t 2m1 ’letm/tb tcut/tb—l
pmpb( 1+ ) PrPb m D mdn
m1:1+\_(tb+t::ut)/tm”
—tugy Y g Y g/ e/
mi=1+{ (to+thye) /tm)] m1=1+[(tp+1¢ye) /tm)]
— sy Y g2 g™ th) (C.30)
mi=1
) o (1) (2) 5<Qm ¢ —(]m> tm t ty+t
S T +T + (tm@c 2 m  "cut 1 b “b T "cut
pmpb( 1+ 1+> Dnlb (qmaqba tb7 t + tm 700)
tm ty,+t! tm ty,+t
—tm o) 2 ’ 0.1 “bT beut 2 m  “cut bt “b T vcut
v f(qm b, tb’ 1+ to ’OO) +tmngc(qm,Qb,t ) tb 1+ to 700)
t ty,+t!
_ 2 m b cu
tunse b 17 (Gos @b rellbes {TJ ,OO)> (C.31)
(iii) ) (1) (2)
D0 (pWyr
PmPb ( 1 1 )
(5(q_Lt/cut/th_q )( 1 Lo + / /
m m Im t t, +1
+ tm( @ q, ’ “cut 1+ b+ cut b cut *
PmPp 1— (g2, gm/ " ym* (s 3 ty ty o N e

* (qrznq}t;n/tb )m* tm t/
(qma qb,

ty + ¢! ty + ¢!
Hc 2 = cut’l_i_\\ b cut b cut * )
(1 (@a ™))" bt m L w T

+

_ tmqb<1 = qlf)m/tb) @f(qgn,qbi_r:,()? . {tb jmt’cutJy {tb sttJ )
+ (1 *(fénqqé://:b)) ) 17 (¢%, b, i—r:,(), 1+ Vb ;LmtICUtJ, rb —:mt/CUtJ +m*))

T (qugf/tb) ~11e (g2, v, i—z‘ i—;“ 1+ Vb ;rmtlcutJ, Vb jmtg“tJ +m*)

e oo N N P o

Note that in (i), we have split the range of m; into three sets: [ty /tm]| <mq <1+ |tL,/tm],
24|t /) <my <|(to+thy)/tm], and my > 14| (tp 41y ) /tm ], which simplifies the corresponding
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ranges of my and my,. In (i), we have used the definitions of II., IIf, ©,, and ©; from (C.1))
and (C.4), and 2*(t,/ty) =tn/ged (tm, tn) =m*. Lastly, in (iii), we use the closed-form expressions
for the infinite sums over m;, which exploits the geometric nature of these sums. The derivation

is provided in [Appendix C.2|
Here onwards, by using the definitions of 11, and ©,, where x € {¢, f, ce,cf, ff} from (C.1)),
(C.2), (CJ3), (C.4), (C.5) and (C.€), we evaluate the following terms. On A}, we have

E(Z1 ;)
E (Xmax+tmsg)]lA ) (C.33)
pg ” 00 [mbth/tm] 9
= 1—pp)™™ 1—pm)™ .34
( = pu)2(1 pb>) Z: (mity+tmsg) (1—pp) ( ml:%}((l (1—=pm) ) (C.34)

9b qm

[(mptp—teyg)/tm])

mp=1
e e} Lmbtb/th 2
=0 > (muty+tusg) q{,”b( > qlﬁl) (C.35)
mp=1

mi=max(1,
[(Mmbty—tug)/tm])

5 [(tm+teye) /o] 2
Z (mbtb + tmsg)q?b (qm_qr\_nmbtb/thJrl)

= =
P mp=1
",
5 0 . , 2
o > (mntyttusg) g (qrﬁmbtb‘t“t)/ fml _ glmein/ tm”l) (C.36)
My =14 [ () /)
ot > . > .
=Ty +_b< S gl g2 Ty g g2t /)
M =1+ (b)) My =1+ | (bm+the) /1]
— 2 Y Mgl gl tma/tmwﬂmbtb/m)
My =1+ (bm+thye) /1)
Ot s > . > .
X Qg( Z q" bqrzn[(mbtb to) /tm] qm Z ¢ bqr2n|_mbtb/tmj
P 14 () 1) =1 |t ) /)
. Z qganr]—rgmbtb—t,’:ut)/tm-\+|_mbtb/tbj> (C.37)

mp =14 (tm+t(e) /1o )

St ty t. b+t t b+t
:Tb++p_2(®C(Qb’Qi’t_ ‘ 1+ \‘—t 7oo)+qr2n@f(Qb7Qiﬂ_7071+ — 700)

m m’ tm tb tm tb
ty, t tm+1,
- QQm C'_')cf (va Gm), _ba at 0 I+ T ) OO)
t i
St ty ey t t 1
+—2g HC(Qb:QIQnJ_ba aur 1+ =t ,OO)—f—qI%le(Qb,qr%l,—b,O,]_—f- =t 700)
Pm tm tm tb tm tb

ty t bt
= 2 ey (G s t,o,1+{ " tJ@O)) (C.38)
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(i) 5tb< 1 5 th thu b+t | | tmtthy, | mtm
:7}1+ + — m* @c Qo Qs 7> 5 —= 1 = ) = +
P \1— (q q2tb/tm) m /o ( tm tm b 123 )

( 2tb/tm)m tm /th ) b ¢ H_V +tcutJ V +tcutJ+m*tm

m*t, qbQm
+ HC ) dm? )
(90t 3 320 tb tb

o (1= (g ™)" ")

1 ty tim 1t tim 1t m*tn,
* @ Qbaq;a_vovl_‘_\‘ CUtJ’ \‘ CUtJ+
1— (qbq2tb/tm)m tm /o f( tm 12 ty ty, )

+q§1<

% 2t tm\ M tm/t *
th (1- (q q2tb/tm) *tm/tb)2 B A tb 7 tb ty
1 ot to ! bt | mrt
-2 m< @C yYmy Ty T —ut 0 I+ e ) = + =
4 1— (q q2tb/tm ) M*tm /[t 4 (qb ¢ tm tm \\ tb tb tb )

Mt (qogar/tm)™ ty 1 V et tJ V et tJ m*t, )
4 Hc Gy —, St “cut O 1+ cu , cut | )
tb (1 (q q2tb/tm)m tm/tb) f(qb q tm tm tb tb tb )

Ot ms 1 tb t! L+, t+1. m*tm
+ g — Hc ’ 2 ’ ’ cut 1+ cut 7 cut +
p?n (1 ( th/tm) tm/ty (Qb qm t t tb tb tb )

qqm m m
1 t tm+1, tm+1, m*t
2 2 b cut cut m
I ) 7_7071 )
O ey ﬂ h J { by J* 5
1 ty th i+t | [ tmtth | mtn
-2 m m* c s Ymy T - O 1 = ) = . (C.39
m (qogatv/tm) ™ tm /e (g tm tm ﬁ th n ))- (€39)
Note that in (i), we used z*(ty/tm) =tm/gcd(tm, tp) =m*ty /ty,.
On Af AJ, we observe that
]E(Z]IATAJ)
p2p o0 Lmltm/tbj
b m m m
= = Mitm+tmse) (1—=Pm) (1—pm)"" 1—py)™™ C.40
(o28—s) % (mtrtad(zpg) ()™ > ()™ (0
N g o m1=[tp/tm| gm gm mp=max(1, a
5 [(matm—teu)/to])
00 [mitm/tb)]
=05 > (mitmttmga™ Y @ (C.41)
mi1=[ty/tm]| mp=max(1,

[(mitm—t(ye)/to])
5 I_(tb+tcut)/th

= LS ittt a2 (=g

Po o ]
= ﬁ2+
d - mytm—t, m
D DR L L (e (C.42)

mi=14|(tp+tl ) /tm]

ty ty tm m

Stims tm T, to+tl, tm to+tl,
+ & HC(QI2Tl7qb7_7 t71+ > : 7m)_quf(QI2117Qb7_7071+ > : 700)
Db iy th tm ty, tm
(C.43)

St to 1 to ot t tott!
- T1+2+ “‘p_(@c(qu%a ) ! 1+\‘ tJ ,OO) _qb@f(qrzvqbat_voal_‘_\‘ 1 ! 700)
b b




23

; Ot 1 tn 1! to -t | | o+t
Q T1+2+ +_( tm/t ®C(q12117Qb7 ) —out 1+\‘ b+ CUtJy \‘ b+ CutJ+m*)
Do 1— (q?nqu b) tb tb tm tm

m* 2 tm t,cut tb+t,cut tb+t:3ut *
@™y 2 el oy HL i J{ )

1 tm t t/ t 2,/_/
@f(QIQmQM—,O,l—i—\‘ b CutJ7 \‘ bt CutJ +m*)

— gy ( 1_ (q?nqtm/tb) ty tm tm

m’* 2 t_m tb+t::ut tb+t::ut * >
T o [ [ e

Otms 1 tm 1 ty+t! ty+t
+ g( ( I (i, v, 1% ot tJ { cal “‘“J+m*)
1—

Db ql?an)m/ ltb) ty by Im Im

1 9 tm th+tl th+tly .
— -1 qm,qb,—,O,lﬁ =, =l 4mT) ) (C.44)
Iy T e N R R

where, in (i), we have used z*(t,,/t,) =m
On AT Af, it follows that

E(Z]IATA;")

km*

2 )
PmPb m* km*tm /[ty mo
= (km™tm+tmsg) (1 —DPm 1—p 1—pm C.45
(i) 2 D)™ () S (™ (€
- k=1 qm s mo=max(1,

§ [km” —t¢y /tm])

*

qm

km

=0 > (Mt tsg) (@ gy ™™ Y g (C.46)
Pt —_————

mo=max(1,

- [km* —t,, /tm])
5 Lot/ tm)]

- _< D (bt time) ) (g —al™ )
Prm k=1

o0

FDT (it tg (g e/t gl ) (C.47)

k=1+ L(tm+téut)/(m*tm)J

¢
&Im (m tmz ky +tm5g27 —m tmzk qu Ftmse Y (V) )
k=1

{2

5 mLcut/th — G i & )
G : (m*tm Z k(yd )+ tusg Z (20 )") (C.48)

Pm k=¢+1 T k=¢+1
_ Ogum’ty, (7(1—(§+1)75+§75“) _ B(l—(§+1)ﬁf+§65+l))
Pm (1=7)? (1-p)?

Smtmeg (YA—7E)  BA=B 8 (gm /™ —gp,) B E4+1—-¢8
P ( -y 1-8 >+ pm(1—1) <m "1-p

{5

SAECERY
(C.49)

+

where in (i), we have used the notation &:=|(t,, + L)/ (m*twm)].
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Lastly, on A7 AJ A, we have

E(Z]IATAJA:)
Py S m*k *k *ketm /[t
— m (km*tm +tmse) (1—pm 1—pm)™ " (1—pp)™ Fm/m C.50
(it Dttt ()™ ()™ L) (©50
\5, - qm qm ab
- 52 (km*tm+tmee) (27 gl tm/tb) (C.51)
_ 5<m*tm Z ROl ﬁ’f) (C.52)
k=1
i
ﬁ( - +tmsg> . (C.53)

By pluggmg (C.32), (C.39), (C.44), (C-49), and (C.53) in (43), we obtain the value of
E(Z1y-1). Next, to calculate the individual expectations of , we observe the ranges of Mj,

My, and my, on A; as summarised in Table . On Aj,, we have

E(Z1,.)
IE(()(m111‘+‘tcut>]l ) (054)
[m1tm/ty ]
= Matm+teut)(1—=pm) " (1—pm)™? (1—pp)™ (C.55
(=2 1pb>zlz > (matuctto) (1=pw)™ (L=pu)™ (1=py)™ (C.55)
o v ma mi1=(ma2 mp=[matm/tp] qm qm qb
“l”rtcut/tm])
o] [mitm/tb]
zéz(mztmﬂwt)qﬁ? dood > @ (C.56)
mo=1 ml_m2+|—tcut/tm“ mp= |—m2tm/tb-|
e S S e s
b a=1 mi=ma+teut/tm]

B 5qr|;1:cut/tm] oo oo

m oy - [t /i)
— m tm+tcu I2nmz ’V th/tb] m tm+tcu 22 gl 1lm/tp
E— > (msy O G . >~ (my +)q > i

mo=1 mo=1 m1:m2+{tcut/tm1
(C.58)
i 5 rl;fcut/tm] tm tm
g q— (tm(ac(qgw v, 7> Oa 17 OO) + tcutHc(qrzna v, 7> 07 15 OO))
PmPb 14 b
5qb [ele} mi1— [tcut /tmw
_ 21b Z qgl qu)mnm/th Z (tcut+m2tm)qr722 (0‘59)
pb mi1= 1+|—tcut/tm-| mo=1
11 5 l—tcut/tm] @c 2 ) ) t 707 17 m* m* H ) ) t 707 ]-7 m*
(i) Qp - (t < (G @, ta [t ) +m (qrznq]tom/tb) (qm @by tm/to ))

L= (q2am™)™ (1 - (gaa™)™)"

I (¢2,, av, m/tb,O,l,m)) 5q i i glmite/e) (t oo — g~ et/ Bm T
- m cut

+ tcut 1_ ( 9 qtm/tb) m* pb b 1— U

Im m1=1+[tcut /tm ]

oo — (ml N cht/tm—‘ +1)q$1*"tcut/tm-|+1 + (ml . cht/trn—‘ )qglnftcut/tm]JrQ)

=g (C.60)

+tm
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5q|—tcut/tm-‘ < t /Bm t
= (0. rzn, ,m*,—.0) + < 2t ton )Hc r2n, .m*, =0 )
PmPb(1—5) (0 ty ) 1-p T (G 0 28 )

— T,

12—

5 m tm - m
_ 9% (q_ <p_+tcut) Z qglnqk\; 1tm /ty ]

pb pm m m1=1+’7tcut/tm—|
1— [tcut/tm—l

Gm tm tcut tcut 2m Lmltm/th
A GO [ ) 3 e

pm pm m171+’—tcut/tm-|

ql [tcut/tm] o)
e ta(l=gm) Y mqrimlqlﬁmltm/tbg (C.61)

pm ml:1+|—tcut/tm“

0Gmq tm teu
= Tip- — > ( Cut>Hf(Qm7Qba_ 0, 1+’7 t—‘ OO)
PmPrv Pm tm

tm beu b o
B q;l"tcut/tm] <p__tm ’V t—‘ +tcut)Hf (qm, Gv, t_7 07 1+ ’V t—‘ ,OO)

tm tm

m

iii OQm tm 1 tm ten teu
(i) Tpye — qm b <—+tcut> - Hf(qm,qb, —, 0, 1+[ t-‘ 7[ t—‘ +m*)
PmPb Pm 1— (q q - b) tb tm tm

t t 1 t t t
. —(tcut/tm]( L { cut—‘ ) 2 m cut cut X
qm m +tcut m*H > b, 707 I+ ) +m
Pm tm 1— (qrznqém/tb) ! ( tb tm tm )

tcu
_ qr;"tcut/tm]tm@f (q?na Qb, “m O 1+ ’V t—‘ OO)) (C62)

1 t t t
_ _’Vtcut/tm-l 2 _m cut cut *
Im tm(:l_(qmqlim/tb)m*gf(qma(Jba tb7071+’7tm—‘7 ’Vtm—‘“km )
+ m 15 (g2,q fm g, 14| Lo || Lo +m*)> (C.63)
(1 <qmq€)m/tb) ) f m» 4b>s tb, I tm I tm ) .

where we have used the definition of II., II;, ©., and © from (C.1) and (C.4). Also, note that
we have changed the order of summation in (i). In (ii) and (iii), we recalled that z*(¢,,/t,) =m",

and applied the identity (C.23)).

On Aj,, we observe that

E(Z1,-)
= E((Xmin+teu) 1 4- ) (C.64)
2 e} oo mi
PmPo ) Z ( m m m
= mpty+tew)(1=p)™ Y (I=pw)™ Y (1=pw)™ (C.65)
\((1—pm)2(1—pb) — —— e A
7{ 9o ’—(mbtb“!‘tcut)/tm-‘ Gm qm
=— Z Mty +teus) > g (gl gt (C.66)
oy =1 mi1=[(mptp+tcut)/tm]
5 m m m 5 m - m m
= Z (it + feut )™ gl Hew)/tmTH{maty ] _ p—(1q—q2) D (it o+ teud)ap g o) ]
mmb 1 m m mp=1

(C.67)
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(5 tb tcut tb tcut
=—|t @cc y ma_a__aoalv teu Hcc ) ma_a__aoaL
) ( b ((Jb q L OO) + teut (C]b q P 00)
(5q tb tcut tb tcut
—— (06, e —— 1, teutIe(qp, 2,—,——,1,00 C.68
Pu(1=42) < Ol g, 00) el oy £, =3 1 00) (©0%)
@ i <tb @cc(Qb7 dm, tb/tma _tcut/tma O, 17 m*tm/tb>
) 2ty /tm\ M*tm [t
P 1— (qqufb/t ) /b
+ m*tm ( th/tm)m*tm/tb Hcc(Qba Gm, tb/tma _tcut/tmy 07 17 m*tm/tb)>
ty @b 1 2ty [tm \ T tm [t \ 2
(1= (goam™™) )
+¢ Hcc(Qbanatb/tma _tcut/tmao? 17m*tm/tb)
cut 2tb/tm m*tm/tb
1— (qum )
. 5Qm (t (60(Qb7q12n7tb/tma _tcut/tma 1am*tm/tb)
Pm(1—¢2) 1 (qogi /)
+ m*tm ( 2tb/tm)m*tm/tb Hc(qba q12na tb/tnn _tcut/tma 17 m*tm/tb>>
ty @ 1 2ty [t \ M b [t 2
(1= (gogm™™) )
+¢ HC(Qb7q12n>tb/tma _tcut/tmv ]-am*tm/tb)) (C 69)
cut m*tm/tb ) .
1— (gngm’™)
where we recalled, in (i), that 2*(t,/ty) =m*tn /te.
On A,,, it follows that
E <Z]lAb_l)
= E((Xmin+teu) L4 ) (C.70)
( p2 P 0o oo [muty/tm]
= w™b )Z(mt o) (1—pm)™ 1—pp,)™ 1—pm)™ (C.71
- — 201 _ 1'm cut pm) Z ( pb) Z ( pm) ( . )
(S (1 me(l pb) /m1=1 gm mbzl—(mltm‘I’tcut)/tb“ s mo=m1 gm
4
(5 o0 (o.0] .
= — ) (matmttad)dyt > (g — gt/ (C.72)
P = mp=[(m1tm+tcut)/th]
6 o - 5 - o [o.¢] .
= Z (mltm+tcut)QI211m1 QIE( mtent) /1] - i Z (mltm_’_tcut)qgl Z Qb bQIIhmbtb/th
PmPb S—t Pm mi=1 mp=[(mitm-+tcut)/tv |
(C.73)
M 0

R G e a2t )
—= Y (tm@c(Qm7Qb7 tbv tb 71700) +tcutHc(qm7Qba tb7 tb ,1700)

5q oo L(mpty—teut)/tm]
== > gl N (gt ew) g (C.74)

Pm mp=[(tm+tcut) /o] mi=1
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(ii) 6 @c<q12n7Qbam* tm/tby cut/tbvlam*) 2 tm/tp\m" I (qm7Qb7 m/tba Cut/tbalvm*)
tm( 9 tm/th +m (meb ) 9 tm/tr\m*\2 >
1—(g2a™)" —_— (1= (gha™™)"™ )

B
(G s b /o, —teut/t, Lm") ) O o m tm
g e e ool o o L) ) > a2

tm/t _ 2
1- (a2 b) P =t teus) /1] (\1 /_/qm
Pm
_ ( {@J v 1) glimst—tew) /i +1 | {@J qgmbtb—twn/thz)
+ 1t_C‘-lq <qm qu_rgmbtb tcut)/th""l)) (075)
N
Pm
5 tm t ut m*tmﬁ tm tcut
= N\ tm@c qgm Qv, 7> _0_7 1,771* + < + tcu )Hc qr2n7 Qvy, 7 — > 17 m*
?mpb(l_ﬁ) ( ( th ) 1- I bt )
Tbl*
_ O¢m ((thm+tcthm) Z qmb mbth /tm]
Pm \\ Pav Pm
mp=[(tm+tcut)/to |
_ (thm+tcthm> Z qmb [mpty/tm |+ [ (Mmpty—tcut)/tm |
Ph Pm -
mp=[(tm+tcut)/ts |
tm m - t _tcu m
_ ;] (1_qm) Z \‘mbz tJ a bqrtnmbtb/th+L(mbtb tcut)/th) (C76)
NG (AL
5qfn tm my, Lmbtb/tmj m, LMbtb/th+L(mbtb teut)/tm ]
= Tbl* — p_2 <p_+tcut>< Z qy - Z qy )
m m mp=[(tm+tcut)/tn] mp=[(tm+tcut)/to |
_ tm Z \‘mbtb_tcutJ q{;ﬂbql\r_nmbtb/th+L(mbtbtcut)/th) (C??)
m=[(tm+teut) /to] "
(5(]2 tm ty, tm+teut
=Ty-—— <_ tcu><H ) ma_aoa , 00
" p?n(pm+ PACCEY tm ty )
tb tcut tm + tcut tb tcut trn + tcut
—Hff(Qbﬂm,aﬁ,K[ i -‘,OO)> —tm@ff(Qb,Qm,E,O,K>[T—‘>OO)) (C.78)

9 *
(ii) (1) éqm ((tm ) ( 1 iy tm T teut tmtlcut mtm
= T =2 (= +teu 7 Uy (@vs Gy — 0, ) T -1

o1 p?n pm ' 1 (q QItrtl)/tm)m tm/tb f( tm tb tb tb )

1 tb tcut tm + tcut tm + tcut m*tm
- m* II b, Gm; ) 07 ) ’V ) + —1 >
1= (gogaie/tmy i ( tm tm t th th )

1 tb tcut tm + tcut tm + tcut m* tm

_tm( m* S) Qb7Qma_707_7 ’V ) + -1
1 (qgug2te/my™ il ( tm ot |t t A

( th/tm>m tm/tb

m*tm tb q qm tb tcut tm—i_tcut tm—i_tcut m*tm
2% E(l (q q2tb/tm) *tm/tb)2Hff(QbaqmaaaO,Ky[ " w,[ I W—I— e —1))).

(C.79)

Note that we have changed the order of summation in (i). We used in (ii) and (iii) that
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2*(tm/ty) =m* and z*(t,/ty) =m*ty /ty, respectively, and applied the identity (C.23)).
On A,Aj,, we have

B(Z145,47,)
= ]E((Xmin"i_tcut)]lA;ZA;b) (C80)

[e.9]

9 00
= ( pmpb >Z(km*tm+tcut)<1_pm)km*(l_pb)km*tm/tb Z (1_pm)m1 (081)
k=1

1— ' 2(1—
N =pm)?(1—ps) A=k et /] g

T{ dm 03
o0 i qkm + [tcut /tm—l
= 5Z(k:m*tm+tcut)(qgf @b tm/tb) ml_—q (C.82)
k=1 w
5qr’—§cut /tm.| o 9 mt /t
== Z(km*tm +tews) (2 gy ™ b) (C.83)
Pm 1 T
5q’7tcut/tm.|
(m to Z kB" 4 tows Z ﬁ’“) (C.84)
’—tcut/tm]/B
_ F o ) C.85
pm<1—6> <1 g (€5
Further, on A, A,
E(Z]lAglA;Q)
= E((Xin +teu) Ly 47,) (C.86)
)Y ()™ |
= m (Mitm~+tew) (1=pm ) ( 1—py )mb (C.87)
— 2(1—
R (1 Pm)v(l Pv) L ma=1 o mp=[(matmttew) /ty]
4
- Z mlt +tcut 2m1 [(mltm“l‘tcut)/tb] (C88)
m1 1
(5 t t t t t t
O (0 @or 7, =5, 1,00) + LT (02, s 72, =, 1,00) ) C.89
pb( (qm ab t ty OO) + t (qm db, t ’ t, ) OO) ( )
Q i ¢ @c<qmaqba /tba cut/tbaLm*) 2 tm/tp Hc(inQbat /tba_tcut/tbalam*)
- m 9 tm/tb + m (qmqb ) tm/tb 2
Py 1= (ga )" (1= (g2a"™)™)
+tcutHc<q12nuq1)7tm/tb7_tcut/tb7 17m*)> ) (090)
where, in (i), we recall that z*(t,,/t,) =m*. Similarly, on A] A,
E(Z1,-4;)
(( m1n+tcut AT A;) (091)
pmpb = my - 2m1
— th+teus) (1—pp ) > (1=pm ) (C.92)
) S
N v pb) _ mp=1 an mlzl—(mbtb‘i‘tcut)/tm-' m
0 - my, 2f(mbtb+tcut)/tm]

mp=1
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5 tb tcut tb tcut
= t @ ) 2a_ - 717 teu H 5 7_7__71a ) C.94
T (160 72 =72 1,00) el 3 =5 1, 00) (C.99)

o + <®c(Qb7qr2n7tb/tm7 cut/tmu 17m*tm/tb>
2 \ ‘b 1 (C] q2tb/tm)m*tm/tb

—-
=

1—q;

* 2 *
+ mhn (q q2tb/tm)m*tm/tb HC(qb? Gm> tb/tmv _tcut/trm I,m tm/tb)

no (1= ()"’
+¢ Hc(Qb7qI2n;tb/tmy cut/tma 17m*tm/tb) (C 95)
cut th/tm m tm/tb ’ ’
1— (gogm”’™)
where, in (i), we recall that 2*(ty,/tym) =m*t,/ty,. Finally, on A7 A, , we have
E(Z1,-4-)
]E Xmm"i_tcut)]lA;Ab*) (096)
PP - m S : b
_ ( bl )) S ottt (L—p)™ 3 (L) (1)l
—Pv) /i N b= (matmtea) /()] o >
(C.97)
o0 o0 . k
— 6 Z (m2tm+tcut)qg}2 Z (qz qb tm/tb) (098)
mao=1 k= |—(m2tm+tcut)/(m*tm)-| %’Y/_/
5 . m m
= 15 2 Ottt e (C.99)
6 tcut 1 2fcut
= T _ m; 7_7 717 tcuH ms s ) —71a ) C.100
- e (@, . 00) + teuwle (gm, 7, — o 00) (C.100)
(i) 5

1— (q ’Yl/m*)m*

(tn®
( (Gm, 7, 1/m*, —teus/(m*ty), 1,m*)
m*(

L ) m* (G, 7, 1/m*, —teus /(m*tm), 1,m*)>

: +ey
(1= (gur/m)™)* a

qm"Y m
1— (Qm71/m*)
(C.101)

where in (i), we note that z*(1/m*)=m* and (gny"/™ ) —B By plugging ((C.63)), (C.69), (C.79),
(C85), (C.-90), (C.95), and (C.101)) in (44)), we obtaln the value of E(Z1y—g). Thus, by plugging

these in , , and and subsequently in , we obtain the teleportation rate in the IN.

Appendiz C.2. Closed-form Ezxpressions for Relevant Infinite Sums

In this appendix, we derive closed-form expressions for infinite sums in (C.9)),(C.10)),(C.14]),(C.15)),

which facilitates exact computations of these quantities. We first consider the following term with
z,y €1[0,1), ¢ € Q, and o € R:

I.(z,y,q,a,l,00) = Zx"gﬂiq_o‘1 ) (C.102)

We now define
2*(¢) =min{z € N: z¢g € N} . (C.103)

Hc(qma ’Y, 1/m*7 _tcut/(m*tm)a 17 m*))
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For brevity, we often suppress the argument ¢ of z* when it is clear from the context. Observing

that

14+22%—1 e

Z a:zyfzq al _ xy Z xzyﬁq al a:y ) Hc(a:,y,q,oz,l,l—i—z*—l) : (0'104)

i=l+z*

we can rewrite ((C.102) as
o) I+2z*—1
- L e O.(z,y,q,c,l,l+2"—1)
_ z i, [ig—a] __ c\4Ly 9 Uy & by
.(z,y,q,a,l,00) = j;(:cyqy Z giylia—el = ey ) (C.105)

Similarly, we obtain the closed-form expressions for II;,II..,II.; and II;;, introduced in (C.1)),

©3). and 3.

Next, we consider

Oc(x,y, q, a,1,00) = > da'yloel (C.106)

Similar to (C.104]), we observe that

1+2z*—1
Z iztyliel = (zy?)* (@C(x,y,q, a, ll4+2"=1) + 2" (z,y, q, «, l,l+z*—1)). (C.107)
i=l+z*
Therefore,
0o l+z -1 l+z -1
O 1,90 = S 3 S a3 e o
=0
@c('r7 Y, q, «, l? l+Z _1) (m/q) Hc($, Y, 4q, «, l? l+Z _1>
= z* + 2*\2
1— (zy?) (1= (zy9)*)
Similarly, we can obtain closed-form expressions for the rest of the terms in (C.4), (C.5)), and
(C.6)). Finally, for the following term, with z,y,s € [0,1), r,q € Q, and x € R:

00 Lir]

(C.109)

Az, y,s,r K, q,l,00) = Zx Z yshal (C.110)
=l j=[ir—k]
we define
Z(r,q) =min {z € N: zr, zrq € N} (C.111)
Suppressing the arguments g and r of z for brevity, we observe that
1+2z—1 Lir] I+z—1 Ler]
Z Z y sl = (zy"sm0)? Z Z y sl = (zy" s A(x,y, 5,7 k), q, 1L 1HZE—1)
=tz j=[ir—r] j=Tir—«]

(C.112)
Thus, (C.110) can be expressed as

I+z—1 Lir ]

N Alz,y, s, 1K, ¢, L, 1+z2-1)
A(%,y,S,T, "%q,LOO) = LL’yTSTq nz y]SD(ﬂ — : '
; Z ; hzr,ﬂ ]__(xyrsrq)z

(C.113)
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Appendix D. Calculation of Individual Terms in the Expression of Expected
Teleportation Fidelity in the Intercity Network

Appendiz D.1. Calculations for individual terms in U(v, @)

Here, we calculate the individual terms of (90)), which facilitates the calculation of U;(v) and
v) via (91)). On Af

E(efv((afl)X17X2)]lA+ )

12

2 o0 mi Lmltm/th
_ PmPo ) Z Z Z —v(a—1)mitm+vmatm my mo m
= e (L=pm)™ (1 =pm)™* (1 =pp)™
_ 2(1 —
QTP A7)/ 501 mamms(t, mumfmato ] -l o
Tsr ’—ml _t::ut/tm-‘)
(D.1)
oo mi [mitm/ty]
=9 Z ( e—v(a—l)tmqm )m1 Z ( evtmqm )mz Z q{)nb (D.Z)
m1=[tp/tm| = ds ma=max(1,[m1—t, . /tm]) _. dim mp=[matm/ty |
6 - m — m [m2tm/tb—| I_mltm/th+1
b D DN DR U — @, ) (D.3)
m1=[ty/tm] mo=max(1,[m1—t, ,/tm])
d - S [motm/t Oqy G tm/t !
- dm™ de matm/ty] _  99b dm [mitm/ty] dmax(l,[ml—tcut/tml)_dm1+1
Db Z s Z m b pb(l_dm) Z s qb ( m m )
mlz(tb/tm] mg:max(l,(ml—tcut/tm]) mlzﬁb/tm]
(D.4)
5 ( 1+Ltcllt/th o0 mi
_ 2 Z dm1 Z dm2 (m2tm/tb1 + Z dgn,l Z dnmlgqgmztm/tﬂ)
Po X2 [th/tm] ~ m2=1 m1=2+[tg /tm]  ma=[m1—1{,/tm]
S
5 L [ty /tm] 00
S 0 S T TN S
b TN =[] M =24ty /o
S
%)
—dp Y (dydy)™q Lmltm/th) (D.5)
m1=[tp/tm]
5 S(l) de S(Q - ™ < dm2 [matm/ty]
p 12+t T d., 1o+ T Z s Z m b
m1=2+ Lt/cut/tmj ma= [ml 7t/cut/tm1
de - \.t::ut /tmj o de 0
A e B S ) (g
" =2+ |ty /tm) " i =[ty /tm]
0 (o) Ddm o2 tews tm tout
pb (512+ - ]_—d 512++A(d87dm7Qb7 7;_ma_ 2+ Cm OO)

/
1y (i 20,24 | 2 o) 4 21 (0, 2.0, £ )
b

1-d,, tm 1—-d,, tm

(D.7)
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() d < (1) qbdm (2) 1 t/cut Im t::ut t,cut *
= S - S + A dsadm7qb7 y T,y 2+ 1+ — |+m
b 12+ 1_dm 12+ 1— (d qu}im/tb) ( t tb tm tm )
7Lt::ut/th /
dem 1 tm cut tcut *
T 114 (ds dm,qb,— 0 24{ J 1+Lm +m*)

tm
dem 1 tm 2fb
+ 11 dsdm7qb7 _7 ) ’7 —‘ ’7 —‘ D.8

L=do 1—(dydygy ™) 3 b ()

where we used the definitions of A and II; from (C.8) and (C.1). In (i), we used zZ(1, t,,/tp) =m*
and z*(tm/ty) =
On A+, we have

E(G_U(<a_1)X1_Xb)1A+ )

1b

2 [e'e] Lmltm/tbj mi
_ PmPb —v(a—1)mitm+vmpty (1_ )ml(l_ )mz(l_ )mb
(atm) X X X (=)™ (=)™ (=11
( P ) ( pb) o mi=[tp/tm] mp=max(1, mo=[mptp/tm] 4m gm a
5 [(mitm—tey)/to])
(D.9)
o0 [m1tm /b ] mi
=9 Z (6—v(a—1)tmqm) 1 Z ( vtbqb) b Z q:an (DlO)
mi1=[ty/tm] ds mp=max(1, =:d, ma=[mpty/tm]
[(mitm—t(y)/to])
5 o0 [m1tm /b ]
— 1_q Z d;‘m Z d;)nb (qrfnmbtb/tml qglﬂ—l-l) (D.ll)
™ =Tty /tm] mp=max(1,
letm*t::ut)/tb—l)
5 o0 [m1tm/tb]
S S
oy =[ty/tm] mp=max(1,
[(matm—tey)/to])
d m - max mitm—t, m
- (1q_db) 3 (dygu)™ (db (ftmtm—ti/]) gl 1tm/th+1> (D.12)
" m1=[ty/tm]
5 [(tp+tLye)/tm ) [matm/to | 00 mitm/ty)
_ _< Soooam Y gl 4 3 am S dzanll;lmbtb/tm]>
pm mlz{tb/tm] mp=1 m1:1+L(tb+t::ut)/th mb:[(mltmitéut)/tb“
::§,1b+
5q L(bFteus)/tm] oo . .
_ m d d - my d " mi g Mmitm—te,e)/th
e GNP IR OIN LA
m1=[tp/tm ] m1=1+{(to+tly, ) /tm]
—dy Y () (D.13)
m1=[tp/tm]
) tm 1 t ty,+t!
= _<Slb++A(d87db7Qmu_7C_Ut7_b71+ m 700))
m b, ty tm tm
5Gm < (G ) T/t — (d gy ) Lo Ftew)/tm] 1
Pm(1—dp) 1—dsgm
tm

cut tb+t/cut tm tb
+Hc(dsqm,db, p s 1—|— ,OO) — def(dsqudb, t—,(), —_— 7OO) (D14)
b b

tb tm 7frn
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0 i(S L 1 A(ds dos g b towe tb n Vb"‘t,cutJ Vb%—t/mJ—i—m*))
P 1b 1_(dsdgm/tqu)m* Sy sy Ym tb,—tb ’tm’ tm ’ tm
OGm (dyqun) [/t ] — (g ) Lo F o)/t |41
_ <d
Pin(1—dy) 1—dyGm
! b 1 ty+11 ty 41!
+ —r Hc(dsqm,db,—7 cut 1+{ b+ cutJ’ L b+ CutJ —|—m*)
1= (dsamd,™™)" th tm tm
1 tm ty ty
4 1y (dgun, dy, -, 0, | = |4 | = [ +m™=1) ) , D.15
T gy g H [tm%m )) (D.15)

where, in (i), we used Z(tw/ty, tn/tm) =m* and z*(t,/ty) =m
On Af,Af,, we have

—v((a—1)X1—Xmin)
E(e ' ]1A1+2A1+b)

9 oo km*+[tL i /tm]
_ PrmPr ) Z Z —v(a—1)mitm+vkm*tm my km* km*tm [t
= e (L=pw)™ (L—pw)™ (L—p1) "
—— ——

_ 2(1_—
NSy S OV el el
1)
(D.16)
00 km*+|toy /tm]
-5 'Utm tm/tb km* e—’U(Oé_l)tmqm mi (Dl?)
z; T) mgi;m ("—ds )
— = d Zd d km* dskm*+Ltlcut/th+1) (D18)
(5 (1 _ dgtCllt/th+1 0 -
- - Z(dmsds)k (D.19)
5(1_d\§téut/tmj+1) ( )
= D.20
1—d, S dd) (D-20)
On A}, we have
E(e—v(aXb—Xl—Xz)]lAJr)
p2p mbth /tm] Mty /tm]
m Pb —vampty+vmitm-+vmat m m m
— e btb 1tm 2tm 1_pm 1 1_pm 2 1_pb b
\((1 ~Pm )2 1 pb )Tgl mi %X mg:%x(l ( ) ( ) ( )
b (o) om]) [t o] " o *
(D.21)
o Mt /tm ] 9
=0y, (6_”“tbqb)mb( > (e”tmqm)m) (D.22)
mp=1 =:dap mi max(l [(mbtb t/cut)/tm—‘) =:dm
0
= a (il E Z ngb (dglmax(lv’V(mbtb*téut)/tm“) _ erfsaX(Lf(mbtb*téut)/td)+Lmbtb/th+1 + dﬁllmbtb/tmﬁr?)

(D.23)
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( Z deb (di _ Qd#mbtb/tmj"rQ)

—d. )2
(—d. P\ 2=,
=:‘§b+
+ Z ame (dﬁ[(mbtb*t/@ut)/tm-‘_QdTL(mbtbftlcut)/tm]+Lmbtb/th+1)+Z d;’gbdﬂmbtb/tﬂ“)
mp =14 (b 5y ) /b =1
(D.24)
) X o N
— —<1_d )2 (Sb+ + Z dabbd'g’[( btb tcut)/tm_} — 2dm Z dabbdiz( btb tcut)/tm]+L btb/th)
m mp=14{ (tm+t}y; )/t | =1+ (tm 410 ) /1)
+dpy Y didim ““J) (D.25)
mp=1
0 ty, to -t
= |8 Hc da d2 = Cut71 m cut :
(1—dm)2< v+ 1o (deo, tm tm Jﬂ o )
tb tlcu tm+tlcu tb
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1) o ( 1 9 iy t/cut tm—f—téut tm—i_ti;ut m*ty,
=_— (5 Hc da ,d , =, ’1 ’
(1_dm)2 " " 1_<dabd7%ztb/tm)m*tm/tb ( P om tm tm i tb tb * tb )
! by 1 tn+t, tm "t
= 21l b/t HCf(dabvdmv_hc_ut;Ovl—i_{ ; CutJ’ { 2 CUtJ+m )
1_(dabdﬁfb/tm)m /e tm tm th th th
1 ty, m*t
2 2 b m
ml—(d bd72ntb/tm)m*tm/tb Hf (dab?dmv tmaoa 1: t )) s (DQ?)

where we used z*(ty, /ty,) =m*ty /ty in (i).
On Af A, we have

—v((a—1)X1—X}p)
E(e o ]lA;‘A;r)

9 00 [mitm/ts]
_ PnPb —v(a—1)mitm+vmpty 2m1 m
= e 1—pm 1—py)™ D.28
( ) > > (1=pm)™™ (L=pp) (D.28)

(1=pm)*(1—p)

N om1=[t,/tm] mp=max(l,

3 [t —thy) /] " *
00 [mitm/ts ]
=4 Z (6—v(a—1)tmqr2n)m1 Z (e, )™ (D.29)
mi=lto/tm] e mp=max(L[(mitn—th)/0]) o,
_ %db S oam (dgnax(l,f(mltm—tguo/tbn _ dbLmltm/tbm) (D.30)
m1=[ty/tm]
5 e S (1t =t /1] S [t 1]
_ 1_db( Sodmdy w3 dgmdm e g S )
m1=[tp/tm] m1=1+|(tp+t5y) /tm] m1=[ty/tm]

(D.31)
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5 dy(dhp/™ = diy et t 1! b+
(4 o 1 25|

1—d, 1—dom ty’ tb tm
=15T+2+
tm tb
— dpI1 ¢ (dam, dy, —, 0, [—W,oo)) (D.32)
ty tm
G 0 1 tm t’t th 1ty th il .
- S *HC dam’d 7_7 cu 1 cu , cu
1_db< et 1= (dgmdy™"™)™ ( "ty - tm tm )
1 ol iz =)
—d e (dam, dy, —,0, | — |, | — [+m" —1) | , D.33

where we recall that 2*(¢,,/t,) =m* in (i).
On A A, we have

—v((a—1)X1—X2)
E(e o ]IATA;“)

. —v(a—1)km*tm+vmaotm km* mo km*tm /[ty
- E E € 1— m 1— m 1—

mo=max(

X i) . " "
(D.34)
00 km*
-5 Z —v(a—1) tmqmq]im/tt;) Z (evtmqm )m2 (D35)
k=1 N mo=max(1,
=:d, amb dm
’—km* _t::ut /tm-‘ )
) Lt +tcuy) /1m0 b | s >
(Y dbmda+ YD dbpalirtedsl 2N Takmakett) (D.36)
m k=1 k=14 (b thy) /(M tm) k=1
m m*+m* | (tm+tl,.) /M tm
_ ) dm (damb B damb : / J)
1_dm 1- docnmb
) ) Lt ) ) — (o)™ (D.37)
1_(dambdm)m* . .
On Af A5 A, we have
E( _v(a_2)Xmax]lA1+A§A;r)
. PuP Ze’“‘ 2kt (] pm) F (L p) ™ (L) 0 (D.38)
R (l_pm)2(1 pb k=1
75, qm db
P )
k=1 B
§Bev(e=2m tn (D.40)

- 1— Be—v(a—Q)m*tm ’
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Appendiz D.2. Calculations of individual terms in Us(v)

In this section, we calculate the individual terms of (74)). The first expected value on A, is

E( —X2/tcon 12)

w2 0 S [matm /th]
B m b m2tm/tcoh 1_ mi 1— m2 1_ b
= Pm DPm Dy
(Togti) 2 3 3 oo oy
> om mi=(m2  mp=[matm/ty] Im Gm b
(5 “F[tcut/tm])
(D.41)
0o oo [mitm/ty]
— 5 Z (qme—tm/tcoh) 2 Z qgl Z q{)nb (D42)
mao=1 = km m1:m2+“cut/tm—| mb:[mth/tb]
J o i m ) > - m
D DD DI Al DY D DI S R T
Py mo=1 mi=ma+[tcut/tm] Pv ma=1 mi1=ma+[tcut/tm|
5qftcut/tm] 0 5qb - e /]
m mo _[matm/t mq  [Mmitm/t m
I S g S g™ S o
pmpb m2:1 pb m1:1+[tcut/tm—| m2:1
5 I[rfcut/tm—l tm 5 K/m e m
— q—Hc(ﬁmqm7qb7t—7O,17oo) — % Z qmqumMm/th
PmPr b Pb m m1=1+[tcut/tm|
— H;r;’—tcut/trrJ Z (qum)mlqlgmltm/th)) (D45)
m1:1+’—tcut/tm1
5q£cut /tm.| tm 5(]b K/m t tcut
:—Hc KmQm, q 5_7071700 - (H qm, q 7_ O I+ , OO
PmPb ( "4, ) Po(1—Fm) 4 b tm )
tm u
— /ﬁ?;“cm/tm} Hf(’ﬁnan? qb7 o 0 1+ ’V tc t—‘ OO)) (D46)
ftcut/tm-l
(i) 0Gm 1 tm "
= tm/to Hc(/{/QO7Qb7_70717m )
PuPo 1= (K, )" b
5Qb/{m ( 1 tm tcut tcut
— H qmaqb7_7071+ ) +m*
pb(l_ﬁm) 1— (q qtm/tb) f( th t t )
—[tcut/tm-‘
RKm t tcut tcut
- H RmGm, Qb7 o 0 1+ ’V -‘ ’V -‘ +m* ) ) (D47)
1= (Fmmar™™) ™ A o b ] |

where in (i), we used z*(t,/ty) =m
On Aj,, we have

E( Xb/tcoh]l 1b)

— ((1 1 — ) Z Z Z *mbtb/tcoh(l_pm)ml(1_pm)m2<t’@)mb

. mp=1m;= [(mbtb+tcllt)/tm-| ma= [mbtb/tm] dm dm qb

(D.48)

] mi

=4 i (gue™o/feon )™ > a4 (D.49)

mp=1 =!Kp mi1= ’—(mbtb"!‘tcut)/tm.l me= ’—mbtb/tm.l
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:_Zﬁmb o/l 3 ml_&l_mz oS g (D.50)

mmb 1 m1=[(mptp+tcut)/tm] Pm mp=1 mi=[(mpt,+tcut)/tm]
0Qm =
= Z O —" L Y w2l ot ten) /tnT (D.51)
mp= mp=
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i e (0 iy 7, =3 ,0,1,00) = 2o s e (K s 7 =5 11,00) (D-52)
Q iHcc(ﬁb qmytb/tma - cut/tm7 0, 1a m*tm/tb) _ 6Qm Hc(/ﬁba qr2natb/tm> - cut/tmv 1>m*tm/tb)
p%‘n 1= (g )" Pu(1-63) 1= (/)"
(D.53)
where, in (i), we use z*(ty/tm) =m*tm /ty.
On A;;, we have
_Xl/tco
E(e n ]lAb—l)
( p2 P ) 0 [mpty/tm]
= m Ttelteen (1= i)™ (1—pi) " (L=pp)"™
e ) D DD SEND SR D Rl R ()
N ( p L( pb) _ m1=1 mp=[(mitm+tcut)/tp] Mm2=m1 G 4m @
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(D.54)
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DPmPb th 1y Pm (1= Hm) =[(tm+teut)/to]
_ Z g gl ) L(mbtb—tcut)/th> (D.59)

mp= |—(tm+tcut)/tb.|

5 tm tc t 5(]me tb ’Vtm—i_tcut—‘
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ii ) 1 tm tcu
(:) o/t Hc(”m‘]m7q1)7_7__ta]-am*)
PmPb 1— (Kmgmay™ ™)™ bty
0 m/vm 1 t tm+teu tmt+teu *tm
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1 tb tcut Zfm + tcut tm + tcut m*tm
- th/tm  to/tm\ T /tbF(Qbanalim7_7 ) ’7 ) + _1)> )
1— (q qn‘i " rB m) " tm tm 2fb tb 2fb

(D.61)
where we have changed the order of summation in (i). Note that, in (i), we recall that
2*(tm/ty) =m* and 2*(ty /ty) =m*tn /ty, respectively.

On A}, A}, we have

2 oo oo
o PmPb ) Z Z —im*tm /teon mi im* im*tm /[ty
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=1 =:,3
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On A, A,,, we have
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Db ( (> o ty, ty, ) ( )
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0 6 I " ) , (D.69)

Py 1— (f{mqmqb )

where, in (i), we recall that z*(t,,/t,) =m
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On A7 A, , we have

E (ebe/tcoh ]lAl_AZ_)

2 s b
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()& B e
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PN D S
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TTE |

where, in (i), we recall that z*(t,/tm) =m*tyn /ty.
On AT A, , we have

E(e_XQ/tcoh ]lA*A*)
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where, in (i), we recall that z*(1/m*)=m*.
Appendix E. Teleporting a mixed state using a Werner state
Lemma 2. Consider the teleportation of a data qubit in a mized state
I
pasta = Pa |0)(8] + (1 — pa) =, (E.1)

2
where pq € [0,1] is the probability weight of the pure state |¢) and Iy is the 2 X 2 identity matrix.
Suppose Alice and Bob share an entangled resource described by the Werner state

pu= 0|07} (@] + (1 = w) (5:2)
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where |®T) is the mazimally entangled Bell state, w € [0, 1] in the corresponding Werner parameter
and lly is the 2 x 2 identity matriz. Assume that each qubit is subject to decoherence modelled by
a depolarising channel & acting as

_ _ Iy
E([Y ) = e/t [9) (] + (1= e /her) 2, (:3)
with coherence time t.on and storage duration t. Further, assume that local operations are
instantaneous compared to classical communication and entanglement generation times, so that
the time for Bell measurement and application of Pauli corrections is negligible. Then, the fidelity

of the teleported qubit with respect to |¢) is given by

1 —+ wp, e_tclass/tcoh
Fr = d 5 , (E.4)

where t.qss denotes the classical communication time required to transmit the Pauli correction

message.

Proof. We begin with the density matrix representation of the joint state between Alice and Bob
throughout the stages of the standard teleportation protocol. The data qubit is represented as
|¢) = al0) +b|1), where a,b are complex numbers. The entanglement resource in (E.2) can be
written as a sum of the Bell states |®T), |®7), [¥), and |¥~) as follows

pu = p1[@THPT| + pa [PTHLT| + p3 [UTNTT| + py [TTHTT (E.5)

where p; = (14 3w)/4 and ps = p3 =ps = (1 —w)/4. In the following section, we investigate
teleportation using these maximally entangled states separately. We consider that Alice holds
the data qubit pqaa, as given in (E-I). We begin with the resource state [U~) = (|01) — [10))/v/2
being shared between Alice and Bob. In this context, according to the standard convention, the
first and second qubits belong to Alice: the first qubit is the data qubit, and the second is half of
the shared entanglement resource. Bob holds the third qubit. For clarity, we explicitly write the
qubit indices in the first line, while omitting them in subsequent expressions for brevity. Following
the stages of the standard teleportation protocol with the state |U~), the state immediately before
Alice’s measurement is written as:

(pdata)l ® (|\II_><\I]_|)23
= ((pulaP+T522) 103401 +paab” [0} (1|20 [1) (01 + (palb + 222) [1)(11),

® %(\01><0211—|o1><10|—|10><01|+\10><10|)23 : (E.6)
&%(pd|a|2+ 1_pd) (1001)(001|—[001)(010|—[010)(001|+[010)(010] )

+ pd;b* (1001)(111|—|001)(100]— |010) (111 +[010)(100| )

+ pdg*b (1111)(001|—[111)(010]— [100)(001|+]100)(010] )

+ %(pd\b]%r 1_2pd) (111)(111]—|111)(100] —|100)(111]|+|100)(100] ) (E.7)
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( pd)((]001>+|101>)(<001\+<101\) (]001)+[101))((010]+(110])

— (|010)—|—\110>)(<001|—|—<101|)+(\010>+|110>)(<010|+<110]))
dCLb

o |

((\001>+\101>)(<011] —(111|)—(]001)+]101))({000| —(100|)

— (|()10) |110))((011|—(111|)+(]010)+]110))({000| —(100\))
paa*b
+

((\011> |111))((001|+(101|)—(]011) —|111))((010|+(110|)
- (|000)—|100>)(<001|+<101|)+(|000>—|100>)((010|—<110|))

£ (ulbP+ 224 (J011) — 111 ({012 (111]) — (011) = 111))({000] — (100
— (]000) —|100))({011| - (111]) 4 (]000) — |100))({000| — (100])) (E.8)

=~ 100} 00] P2 1)1~ paab” |1){0]—paa” [0){1] +(
+ i o101 ( (
+ 10y a0] ( =y o)1)

+ iy (( 22 0)40] +-paab 10) 1+ paa” [1){0] + (pult P+ L2) [1) (1] )

+ pres (E 9)

2) j0)o1 )

24 10) (0]~ paab 10) (1] —paa”b [1) 01+ (pult -+ 2L2) (1) (1))

2
—Dad

) 11) (1] +paab® [1) (0] +paa*d [0)(1]+ (

- |00><00| © ZX paata X 7 + 101)(01] ® ZpdataZ+ 110)(10] ® X paataX + 111 (11| ® paata
—_——— ——— ———
Pzzx Pz Pz

+ Pres (E.10)

where p,es denotes the terms not contributing to the final state when measured in the standard
basis. The operations O; and Oy correspond to CNOT, ® I3 and Hy ® [, ® I3, respectively,
with I denoting the identity operator and the subscripts indicating the qubits on which the gates
act. We can perform similar calculations for teleportation using the remaining three maximally
entangled states |®), |®7), and |UT). Therefore, starting the teleportation using the state p,,
from as the entanglement resource, to teleport the data qubit pqasa, the state of the system
immediately before Alice’s measurement is given by:

1 1
4_1 |00> <00‘ (plpdata + DP2pz + P3Pz + p4pzac) +Z |01><01| (plpac + DP2pPzz + P3Pdata + p4pz)

:qu)+ ::pq),

1 1
+ 4_1 |1O><10‘ (plpz +p2pdata +p3pzz +p4px) +Z |11><11| (plpzm + D2pPz +p3pz +p4,0data)

' v~

= Py+ = Py—

+ Pres » (E.11)

where p. collects all terms not contributing to the measurement result. After Alice performs
a Bell-state measurement on the first two qubits, she communicates the outcome to Bob over
a classical channel. Based on the measurement outcome, Bob applies the appropriate Pauli
correction to recover the desired output state pg+ as

por = Xpo-X = Zpy+s Z = ZX py-ZX . (E.12)
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Substituting the specific probabilities for the Werner state, given by p; = (143w/4) and
pa=p3=ps=(1l—w/4) into , and using the identity (pgata+ 0>+ P+ p22) =21, we can express
Po+ = WPdata+ (1 —w)I/2. However, the classical communication of the measurement outcome from
Alice to Bob takes a finite time t.,s, during which the stored qubit in Bob’s memory undergoes
decoherence. Thus, the resulting teleported state is

I
Ptel = gtclass <wpdata + (1 _w)§)

_ _ 1
— wpde tclass/tcoh |¢> <¢| (]-_wpde tclass/tcoh>§ . (E13)
Consequently, the teleportation fidelity is given by

1 +wpde_tclass/tcoh
Eel = TI(|¢><§Z5| ptel) = 9

Thus, we have established (E.4)). ]
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